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Ice model

Fig. 14.1 The crystal structure of three–dimensional ice. Source: Linus Pauling: The nature of the chem-
ical bond.

The crystal structure of ice as depicted in figure 14.1 shows a peculiarity. In the words
of Linus Pauling (1960): “there is one proton along each oxygen–oxygen axis, closer to one
or the other of the two oxygen atoms.” This peculiarity, arising from a double well potential
along the oxygen–oxygen axis, so that the hydrogen atom can sit in one or the other potential
minimum, depends only on the configuration and is, hence, independent of temperature. It
gives rise to a finite entropy of ice, even at zero temperature, the residual entropy.

We shall use this observation as a physical motivation to study a certain type of two–
dimensional statistical mechanics models, the so-called vertex models. This class of models is
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of physical interest in its own right. However, we shall study them for a particular reason: We
shall study the vertex models as a convenient path to introduce one–dimensional integrable
quantum mechanical models and the Bethe ansatz. Quite apart from the questions of integra-
bility, there is a correspondence between statistical mechanical lattice models, which are really
classical models, and quantum mechanical models. This correspondence relates the statistical
mechanical models in (d+1) dimensions to quantum mechanical models in d dimensions, see
e.g. section 1 “Introduction” of Shenker (1982) for an elementary discussion. We shall make
this correspondence quite explicit, starting with the six–vertex model, and ending up with the
Heisenberg XXZ quantum spin chain, having established, along the way, integrability, in
particular the heart of integrability, the Yang–Baxter relations.

This is the constructive program of the algebraic Bethe ansatz.

14.1 Physical Motivation for square lattice ice model

Careful experiments by Giauque and Stout (1936) on the heat capacity of ice down to low
temperatures lead to the extrapolation that there will remain a residual entropy of ice crystals
at zero temperature. Experimentally they obtained the value

S

kN
≈ 0.41 ≈ ln(1.5)

for the entropy per oxygen atom.
Concurrent with these experiments, Pauling (1935) suggested an explanation for the resid-

ual entropy of ice, based on the observation discussed above (cf. figure 14.1).
Many different microscopic configurations of hydrogen atoms with respect to the oxygen

atoms are possible (see figure 14.1) which lead to the same macroscopic state. Then already
the simplest assumption leads to a finite value for the residual entropy of ice: Assume a lattice
of N oxygen atoms as vertices with one proton per bond (i.e. oxygen–oxygen axis), hence
2N hydrogen atoms in total. The proton can be in one of two positions: near to or far from
one of the two oxygen atoms, and, consequently, in the opposite position with respect to the
other oxygen atom. Therefore we have, ignoring boundaries and, more importantly, possi-
ble restrictions on them, 22N possible configurations. The number of possible microscopic
configurations is therefore

Z = 22N = 4N , (14.1)

which leads to the residual entropy

S = k lnZ = kN ln(4) ⇒ S

kN
= ln(4).

This value is much too large compared to the experimental result. A simple consideration,
going back to Bernal and Fowler (1933) and applied to the problem of the residual entropy of
ice by Pauling (Pauling, 1935; Pauling, 1960), improves this result considerably.

Since the oxygen atoms in ice are four–fold coordinated (cf. figure 14.2), each oxygen
atom can be surrounded by either zero, one, two, three or four hydrogen atoms in the adjacent
position. This accounts for a total of 16 configurations. Pauling argued that only six out of
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Fig. 14.2 Coordination of water in an ice crystal.

these 16 configurations are, in fact, allowed, namely the ones where there are two hydrogen
atoms surrounding the oxygen atom. Therefore we get, instead of (14.1),

Z = 22N

(
6

16

)N
=

(
3

2

)N
,

and, thus,

S = k lnZ = kN ln

(
3

2

)
⇒ S

kN
= ln

(
3

2

)
.

This value is in good agreement with the experimental result of Giauque and Stout ((Giauque
and Stout, 1936)).

Introducing the number W such that

S = kN ln(W ),

numerical calculations by Nagle (1966) confirmed the value of

W ≈ 1.5.

Moreover, numerical calculations, also by Nagle (1966) for a caricature model of ice in
two spatial dimensions also yield

W ≈ 1.540± 0.001.

The latter result prompted mathematical physicist Elliott Lieb to investigate whether an exact
solution of the problem of two–dimensional square ice was within reach (Lieb, 1967a; Lieb,
1967b): “It seemed worthwhile to try and find the value of W exactly for the following rea-
sons: (a) It will serve as a check of Nagle’s calculations. (b) It is an interesting graph theoretic
problem. (c) It is the first step toward the solution of much more interesting problems having
phase transitions . . . ” (Lieb, 1967b).

Let’s give a definition of the ice model before we return to Lieb’s result for W .
Square ice, also called the ice model, is defined on a two–dimensional square lattice. Put

N “oxygen” atoms at the vertices of the two–dimensional square lattice and “decorate” the
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Fig. 14.3 Square ice.

edges with one of the 2N “hydrogen” atoms. Each of the 2N “hydrogen” atoms can be in one
of the two positions, close or far with respect to a given oxygen atom, as depicted in figure
14.3.

Lieb (Lieb, 1967a; Lieb, 1967b) solved the ice model using transfer matrices. He obtained
the exact value

W =

(
4

3

) 3
2

= 1.5396007 . . . (14.2)

Although we will, in the following, present the transfer matrix method in some detail, our
main interest is not in two–dimensional statistical mechanics models such as the ice model.
These we rather use as a convenient entry point to study one–dimensional quantum mechani-
cal models. In particular, the approach via two–dimensional statistical mechanics models will
enable us to understand the integrability of the corresponding one-dimensional quantum mod-
els. For the same reason – our primary interest in one–dimensional quantum models – we will
also not present the details of Lieb’s calculation of W for the ice model.

Let’s reiterate the definition of the square lattice ice model and introduce some useful
alternative graphical representation in the following section.

14.2 Definition of the ice model

The ice model is a two–dimensional model for square ice, i.e. it is a statistical mechanical
model, as just described. However we also need the (figure 14.4)

• Ice rule: there are exactly two hydrogen atoms near each oxygen atom.

We translate the “ice picture” into the vertex picture: a hydrogen atom close to the oxygen
atom, the vertex, is represented by an arrow pointing toward the oxygen atom, a hydrogen
atom far from the oxygen atom by an arrow pointing outward. Another way of decorating the
lattice consists of using thick lines for arrows pointing downward or to the left.
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Fig. 14.4 The six local configuration for square ice allowed by the ice rule. The oxygen atoms are not
shown.

While we will not be using thick and thin lines to describe the ice model, we shall use the
arrow picture, and call the ice model from now on mostly the six–vertex model, the oxygen
atoms forming the vertices to or from which the arrows on the bonds or edges point.

The following exercise encourages you to play with a small lattice to become familiar with
the notions just introduced. Playing with small lattices is always a good idea to understand
what is going on.

Exercise 14.1 Various ways of decorating a small square lattice
Draw a small square lattice, e.g. a 3× 3 lattice. The vertices of the lattice correspond to oxygen atoms

as described in the text. Decorate this lattice with hydrogen atoms such that the ice rule is satisfied. Now
draw your lattice again and decorating it with the arrow configuration corresponding to your first lattice.
Finally draw your lattice a third time, now decorating it with thick and thin lines corresponding to your
first two configurations.

• How did you treat the horizontal and vertical boundaries of your small finite lattice?

• What is the advantage of the last picture of thick/thin lines?
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General vertex models

This chapter and the following are partly follow the excellent review article by Leon Takhtajan
(1985) and a special lecture series by Tuong Truong (1987) (Ferenc Woynarovich and the
author were the only students).

Fig. 15.1 The sixteen possible vertex configurations of the general square lattice vertex model (16 vertex
model). The energies and vertex weights (cf. main text) are εj and vj , j = 1, . . . , 16, respectively.

Relaxing the ice rule again, we can, of course, define vertex models with more than 6
possible vertices. The general two–dimensional vertex model on a square lattice has n = 16
different types of vertices, eight of which, shown in the upper row of figure 15.1, have an
even number of outgoing and incoming arrows. Especially vertex type 4 and 8 have all arrows
outgoing and incoming, respectively. The other eight vertex types, in the lower row of figure
15.1, have either three incoming and one outgoing arrow, or vice versa.

15.1 General vertex models in two dimensions

Again, there is almost no end of variation. If one allows also for bonds with no arrows, and/or
other lattices, e.g. triangular or honeycomb lattices, other numbers of allowed vertices, (e.g.
seven and nineteen) can be considered. Such models are of interest, e.g. to study surface



Sixteen– and eight–vertex model 165

and interface phenomena since bonds with no arrows can be interpreted as bonds with no
interaction between the sites connected. Hence, surfaces and interfaces can be described by
such models.

Examples can be found in Batchelor, Nienhuis and Warnaaar (Batchelor, Nienhuis and
Warnaar, 1989) who discuss a nineteen vertex model on a square lattice, Batchelor and Blöte
(Batchelor and Blöte, 1989) who consider a seven vertex model on a honeycomb lattice, or
Blum and Shapir (Blum and Shapir, 1990) with a seven vertex model on a square lattice.

15.2 Sixteen– and eight–vertex model

Since, for the time being, the number of allowed vertices will make no difference, we can keep
the discussion general for some time before we restrict ourselves again to the six–vertex case.
We shall, however, restrict ourselves to the two–dimensional square lattice, and we shall also
not consider any of the more purpose built models similar to the ones briefly mentioned in
the last section. Our focus will, for some time, be on the sixteen–vertex model of figure 15.1,
which we shall soon abandon for the eight–vertex model, since the former seems to be neither
integrable nor physically interesting.

15.3 Vertex Boltzmann weights and the partition function

To have some variability, let us call s the number of allowed vertices. We assign an energy

εj , j = 1, . . . s

to each of the s vertices. Equivalently, a vertex of type j can be assigned a Boltzmann or
statistical weight, called vertex weight in this connection, by

vj = e−βεj = e−
εj
kT .

Then a given arrangement or configuration of vertices has an energy

E = n1ε1 + n2ε2 + . . .+ nsεs =

s∑
j=1

njεj ,

where nj is the number of vertices of type j in this configuration of vertices. The partition
function becomes

Z =
∑

allowed configurations
exp

(
− E
kT

)
,

i.e. a vertex appearing nj times in the configuration contributes with a statistical weight of
exp(−βnjεj) to the partition function. Arrows are a good way to draw and visualize config-
urations of vertices, but they are a bit tedious for algebraic purposes. Therefore we assign the
numbers σ = ±1 to the arrows according to the following correspondences

↑ and→ ⇔ σ = +1

↓ and← ⇔ σ = −1.

The numbers σ are called spins or spin variables in the sense of the classical spin variables
of, e.g., the Ising model. They are not quantum mechanical spins. We shall use either notation
depending on which is more convenient for the situation.
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Fig. 15.2 Ice rule α′ + γ′ = α+ γ.

The ice rule for the six–vertex model, written in spin variables is simply (cf. figure 15.2)

α′ + γ′ = α+ γ

The s energies εj or, equivalently, vertex weights vj characterize the vertex model under
consideration. They must be chosen according to the physics we want to describe with the
vertex model. However, these s values, energies or vertex weights, are fine to describe an
individual vertex, but they are not very suitable to describe a whole two–dimensional lattice
of vertices, or even just a single row of vertices. They have yet to be arranged in a proper way
for that purpose.

This proper arrangement can be achieved by an object, called the R–matrix, which we
shall now discuss.

15.4 R–matrix: matrix of Boltzmann weights of a vertex

Each appearance of one of the s = 16 vertices contributes with a Boltzmann weight

vj = e−βεj j = 1, . . . , 16 (15.1)

to the partition function. It will soon prove important to arrange these 16 vertex weights in
a 4 × 4 matrix, the so–called R–matrix. More precisely, a vertex configuration depends on
four spin or arrow variables which we denote by α = ±1, α′ = ±1 and γ = ±1, γ′ = ±1,
such that the Boltzmann weights of a single vertex can be represented by a 4 × 4 matrix, the
R–matrix. The matrix elements are

Rα
′

α (γ, γ′) (15.2)

with entries
vj = exp(−βεj)

As the matrix elements in (15.2) may not look like proper matrix elements at first sight, let
us spent a moment to clarify this point. Group together the primed and unprimed indices in
(15.2) (cf. also figure 15.3) and make the following assignation

{(α′, γ′)} = {(+,+), (+,−), (−,+), (−,−)} ≡ {1, 2, 3, 4}

such that, with a similar assignation for {(α, γ)}, we now have row and column indices for
the R–matrix elements in a more familiar form.
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Fig. 15.3 R–matrix element Rα
′
α (γ, γ′).

From the vertices of figure 15.1 and the correspondences between arrows and spin vari-
ables, the arrangement of the weights vj in the R–matrix, and hence the R–matrix itself, is
now determined (once we have assigned the weights vj).

The R–matrix is the fundamental building block of the vertex model which we will now
use to build up the two–dimensional lattice step by step, beginning with a single row, then
attaching further rows.

If we put two vertices together, described by the R–matrix elements Rα
′
1
α1(γ1, γ

′
1) and

R
α′2
α2(γ2, γ

′
2), respectively, the “inner” spin variables γ′1 and γ2 have to be equal or the arrows

have to point in the same direction (i.e. both left or both right), i.e. we will have to equate the
“inner” spin indices γ′1 = γ2.

Fig. 15.4 R
α′1
α1(γ1, γ2)R

α′2
α2(γ2, γ

′
2): The R–matrices of two vertices multiplied together.

Moreover we can sum over this inner variable. We obtain the following object∑
γ2=±

R
α′1
α1(γ1, γ2)R

α′2
α2(γ2, γ

′
2)

which represents the statistical weight of two vertices, i.e. it is the R–matrix element of two
vertices.



168 General vertex models

In the same way we can build a whole row of, say, N vertices and we obtain the matrix
elements of a large 2N+1 × 2N+1 matrix

T{α},{α′}(γ1, γ
′
N ) =

∑
γ2

. . .
∑
γN

R
α′1
α1(γ1, γ2)R

α′2
α2(γ2, γ3) . . . R

α′N
αN (γN , γ

′
N ) (15.3)

The first and last horizontal spin variable are not yet specified. We will specify them through
boundary conditions, the simplest of which and the ones we will adopt are cyclic or periodic
ones, i.e. γ1 = γ′N

1. Therefore we can also sum over γ1 = ±1 in (15.3) to obtain the 2N×2N

matrix
T{α},{α′} =

∑
γ1

. . .
∑
γN

R
α′1
α1(γ1, γ2)R

α′2
α2(γ2, γ3) . . . R

α′N
αN (γN , γ1).

Fig. 15.5 Transfer matrix T{α},{α′}. The vertical spins, {α} and {α′} are free variables, while the
horizontal spins (indicated by blue dots (•)) are summed over. To satisfy periodic boundary conditions
the first and the last horizontal spin are identified γN+1 = γ1.

This matrix will prove to be another central object, called the transfer matrix. It has many
”dangling” indices: {α}, {α′}, cf. figure 15.5.

The transfer matrix, in a sense a one–dimensional object since it describes a row of ver-
tices, can now be used to build up the two–dimensional square lattice row by row. For example
the statistical weight of a lattice consisting of only two rows can now be written as the matrix
product of two transfer matrices (cp. figure 15.6)

T
(2)
{α},{α′′} =

∑
{α′}

T{α},{α′}T{α′},{α′′}.

We repeat this procedure M times. The resulting matrix elements will depend on the
lower and upper row of outer horizontal spin variables {α} = α1, . . . , αN and {α(M)} =

α
(M)
1 , . . . , α

(M)
N , and, hence, will still be the matrix elements of a 2N × 2N matrix. This

matrix is the M th power TM of the transfer matrix T .
Imposing cyclic boundary conditions also in the vertical direction, hence using the topol-

ogy of a torus (toroidal boundary conditions), we can finally equate and then sum over the last
remaining free spin variables {α} = {α(M)}. With this last summation we have performed a
trace in the space of the 2N × 2N matrices. On the other hand, in total we have summed the

1It should be emphasized at this point, that other boundary conditions are possible, the use of which may lead to
quite interesting physics.
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Fig. 15.6 Product of two transfer matrices T{α},{α′′} =
∑
{α′} T{α},{α′}T{α′},{α′′}. All spin variables

indicated by a blue dots (•) are summed over.

Fig. 15.7 Toroidal boundary conditions.

statistical weights of all possible configurations of the two–dimensional square lattice with
toroidal boundary conditions, which is nothing else than the partition function of the lattice
model. We are therefore allowed to write

Z = trace(TM ).

The computation of the partition function Z has now been reduced to the task of calculating
the eigenvalues of the transfer matrix T .

The transfer matrix, by construction from the non–negative vertex weights, is a matrix with
non–negative matrix elements. The Perron–Frobenius theorem of matrix theory then tells us
that, for such a matrix, there is a unique positive real eigenvalue λ1 such that for all other
eigenvalues λj

λ1 > |λj | j 6= 1

holds.
Supposing we had achieved this task of diagonalizing the transfer matrix T , then, accord-

ing to the Perron–Frobenius theorem, the partition function becomes

Z =

2N∑
j=1

λMj = λM1

(
1 +

(
λ2

λ1

)M
+

(
λ3

λ1

)M
+ . . .

)
,
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which, in the limit M →∞ reduces to just

Z = λM1 .

This result looks marvelously simple, but we are, of course, not there yet. We first have to find
a way to achieve the diagonalization of the transfer matrix.

15.5 Integrability and the transfer matrix

The transfer matrix allows us to address the question of integrability. We pose the following
question: Can we diagonalize a whole family of transfer matrices simultaneously? In other
words, can we find arbitrary sets of Boltzmann weights vj and v′j and the corresponding R–
matrices such that the corresponding transfer matrices T = T (vj) and T ′ = T (v′j) commute

TT ′ − T ′T ≡ [T, T ′] = 0. (15.4)

Before we search for an answer to this question, we shall pause for a moment and investi-
gate the implications of (15.4).

15.6 Commuting transfer matrices

Recall the expression we found for the partition function of vertex models for the caseN = 8,
i.e. the eight–vertex model

Z =
∑

allowed configurations
exp

(
− E
kT

)
,

where

E = n1ε1 + n2ε2 + . . .+ n8ε8 =

8∑
j=1

njεj .

We can also write the partition function in the following form

Z =
∑

allowed configurations
anabnbcnddnd (15.5)

where we introduced the notation for the vertex weights

a = v1 = v5, b = v2 = v6, c = v3 = v7 d = v4 = v8,

and the numbers of times the vertices appear in a configuration are

na = n1 + n5, nb = n2 + n6, nc = n3 + n7 nd = n4 + n8.

In the rectangular lattice of N ×M lattice sites, we are considering, these numbers sum up
na + nb + nc + nd = NM . We assume that there is a spin or arrow inversion symmetry, i.e.
flipping all spin variables, σ → −σ or, equivalently, reversing all arrows, of a vertex does not
change the energy. This symmetry holds quite obviously as long as there are no external fields
which might break the symmetry.
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Fig. 15.8 The vertices of the eight–vertex model in the abcd notation. The arrow reversal symmetry is
quite obvious. Note that the sequence of the vertices is different from the one in 15.1. The vertices which
are arrow–reversal symmetric to each other have ben grouped in pairs.

Writing the partition function in the form of (15.5) is quite instructive, as we shall see.
First we note that it can be written, e.g., as

Z = dNM
∑

allowed configurations

(a
d

)na ( b
d

)nb ( c
d

)nc
.

The partition function thus depends only on the three ratios

a

d
,

b

d
, and

c

d
.

We can, thus, describe the eight–vertex model partition function in the three–dimensional
space space formed by these three vertex weight ratios.

The same conclusions hold also for the transfer matrix T . Generically, it will turn out,
transfer matrices for different sets of vertex weights will not commute. However, we shall
also see that we can find families of curves, parametrized by a parameter u, in the space of
vertex weights w ≡

(
a
d ,

b
d ,

c
d

)T
w = w(u) ≡

 a
d (u)
b
d (u)
c
d (u)

 ,

such that the transfer matrices for different positions, i.e. different values of u, on those curves
do commute. Different members of the families of curves are distinguished by a parameter λ,
the crossing parameter. The parameter u is called the spectral parameter for reasons that will
become clear a little later.

In figure 15.9, this is illustrated for the six–vertex model where there are only two param-
eters

(
a
c ,

b
c

)
spanning the parameter space, since the d–vertex in the six–vertex model is not

allowed by the ice rule.
Now let’s get back to how we can actually perform this programme of finding commuting

transfer matrices.

15.7 Monodromy matrix

To make progress toward an answer of the question we posed in section 15.5, we recall an
object which we encountered above in (15.3)
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Fig. 15.9 Families of curves w(u) in the parameter space of the six–vertex model. The different families
are specified by a parameter λ, the crossing parameter. For a fixed value of λ, pairs of transfer matrices
for different positions along the curve, e.g. u1 and u2, commute.



’



’

N’

N

Fig. 15.10 The monodromy matrix. All the inner spin variables, indicated by the dashed line, are
summed over, while the two outer spin variables γ and γ′ are free.

T = T{α},{α′}(γ, γ
′) =

∑
γ2

. . .
∑
γN

R
α′1
α1(γ, γ′2)R

α′2
α2(γ2, γ

′
3) . . . R

α′N
αN (γN , γ

′)

namely the transfer matrix where no boundary conditions have been specified, i.e. where the
first and last horizontal spin variables are free. This object bears the name monodromy matrix.
If we focus on the dependence of the monodromy matrix of these first and last horizontal spin
variables, it can be regarded as a 2× 2 matrix

T = T (γ, γ′)

whose four matrix elements are, however, themselves 2N × 2N matrices. The transfer matrix
can then be written as a trace in the two–dimensional space of these 2N × 2N matrices

T = tr T = T (+,+) + T (−,−). (15.6)
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We use the notation tr for this 2× 2 trace, reserving the notation trace for a trace of 2N × 2N

matrices.
The monodromy matrix T , as well as the transfer matrix T , obviously are objects which

describe an entire row of vertices. The derivation of T or T , we have given above, is built
on a local object, the R–matrix. Next, we want to construct the monodromy matrix T from a
different set of elementary matrices, which are, on the one hand also local objects in the sense
that they describe a particular vertex. On the other hand, they are connected with a whole
row as we shall see in a moment. The whole point is, similar to when we moved from vertex
weights vj to their neat arrangement as R–matrix, that we now write the R–matrix in such
a way that the vertex to which it refers becomes easily localized in the row of vertices we
consider. This is what the L–matrix does. The L–matrix bears a position label and is written
more precisely as Ln, where n refers to the nth vertex of the row. The R–matrix does not bear
such a position label.

First, let’s write the R–matrix in a more explicit form as

Rα
′

α (γ, γ′) =

4∑
i,j=1

wijσ
i
γ′,γσ

j
α,α′

where the matrices σj , j = 1, 2, 3, 4 are the Pauli matrices and the 2× 2 unit matrix

σ1 = σx =

(
0 1
1 0

)
, σ2 = σy =

(
0 −i
i 0

)
, σ3 = σz =

(
1 0
0 −1

)
, σ4 = I =

(
1 0
0 1

)
.

We postpone a discussion of the detailed form of the Boltzmann weights wij , especially their
connection to the previously introduced weights vj , since they are not relevant yet for the still
formal development of our arguments. We just note now that any complex 4 × 4 matrix can
be written in such a way.

Exercise 15.1 First, prove that every 2× 2 matrix A can be written as a linear combination of the 2× 2
unit matrix and the Pauli matrices.

Then, second, also prove that every 4 × 4 matrix A can be written as a linear combination of the
tensor product matrices σi ⊗ σj where the σi are the 2× 2 unit matrix and the Pauli matrices.

For the definition and properties of tensor product matrices, see the following section 15.7.1.

As we shall see, the drawback of the R–matrix is that, although it clearly is an object
connected to one vertex, it cannot be easily located within the lattice, it does not bear a spatial
coordinate. Motivated by this form of the R–matrix, however, we can easily write down a
matrix which does depend on the position within the lattice, more specifically on the position
of the vertex we are looking at in a row of vertices. This object is therefore a 2N+1 × 2N+1

matrix, called the local L–matrix or, more commonly, the L–operator.

Ln =

4∑
i,j=1

wijσ
i ⊗ σjn (15.7)

where



174 General vertex models

σjn =

N︷ ︸︸ ︷
I ⊗ I ⊗ . . . σj︸︷︷︸

n

⊗ . . . I (15.8)

is a 2N × 2N matrix which acts non–trivially only on the position n along the row of vertices.

15.7.1 Interlude: direct or tensor product of matrices

In the following, the direct or tensor product of two matrices will be important. Moreover we
have just used it in writing down (15.7) and (15.8). Therefore, let’s define it explicitly:

For the 2× 2 (complex) matrices

A =

(
a11 a12

a21 a22

)
and B =

(
b11 b12

b21 b22

)
,

the tensor product A⊗B is defined by2

(
a11 a12

a21 a22

)
⊗
(
b11 b12

b21 b22

)
=


a11b11 a11b12 a12b11 a12b12

a11b21 a11b22 a12b21 a12b22

a21b11 a21b12 a22b11 a22b12

a21b21 a21b22 a22b21 a22b22

 .

There is an easy way to remember this

A⊗B =

(
a11B a12B
a21B a22B

)
.

The 2× 2 matrices act on a two–dimensional complex vector space

V = C2,

whose elements are two–component vectors

x =

(
x1

x2

)
,

with xi ∈ C.
The tensor product A⊗B acts on the tensor product space V ⊗ V whose elements are of

the form

x⊗ y =

(
x1

x2

)
⊗
(
y1

y2

)
=


x1y1

x1y2

x2y1

x2y2

 . (15.9)

It is useful to recall the equation

(A⊗B)(x⊗ y) = Ax⊗By.

2The horizontal and vertical lines help to organize the matrix elements; they have no other significance, and can
be omitted. This practice follows Rafael Nepomechie (1999).
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which generalizes to

(A1 ⊗A2 ⊗ . . . An)(x1 ⊗ x2 ⊗ . . . xn) = A1x1 ⊗A2x2 ⊗ . . . Anxn.

In words, a 2× 2 matrix in the `’s position (1 ≤ ` ≤ n) of an n–fold tensor product acts non–
trivially only on the two–dimensional vector space in the `’s position of the n–fold tensor
product space

1

↓
V ⊗ · · ·⊗

`

↓
V ⊗ · · ·⊗

n

↓
V ,

i.e. on the corresponding vector in the `’s position of the n–fold tensor product of vectors.
Let us make a few simple observations with the tensor product we just defined.

15.7.1.1 Simple applications of the tensor product.
Many of the tensor products we will be interested in are related to the Pauli matrices and the
corresponding spinors

|+〉 = | ↑〉 =

(
1
0

)
, |−〉 = | ↓〉 =

(
0
1

)
.

Consider a lattice of two sites only to each of which we attach a quantum spin– 1
2 object.

Then the Pauli matrices acting on the first object only will be

σx1 = σx ⊗ I2 =

(
0 1
1 0

)
⊗
(

1 0
0 1

)
=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ,

while for the second object, we have

σx2 = I2 ⊗ σx =

(
1 0
0 1

)
⊗
(

0 1
1 0

)
=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

where I2 is the 2 × 2 unit matrix. Similarly, we can obtain the 4 × 4 matrices σyi and σzi
(i = 1, 2).

The following little exercise is suggested to gain practice.

Exercise 15.2 Two spins
Show that for two spins we have

σ1 · σ2 = σx1σ
x
2 + σy1σ

y
2 + σz1σ

z
2

= σx ⊗ σx + σy ⊗ σy + σz ⊗ σz

=

 1 0 0 0
0 −1 2 0
0 2 −1 0
0 0 0 1
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The permutation operator (or rather permutation matrix)

P =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


acts on the tensor product of two spinors of the tensor product space V ⊗ V as

Px⊗ y =


x1y1

x2y1

x1y2

x2y2

 =

(
y1

y2

)
⊗
(
x1

x2

)
= y ⊗ x.

The permutation operator squares to the 4× 4 identity3

P2 = I2 ⊗ I2 = I4.

Furthermore, combining this with the exercise 15.2 we immediately observe

σ1 · σ2 + I4 = 2P. (15.10)

This is an interesting result to which we will come back later. Let us, for the moment, just note
that the two–spin operator

hi,i+1 =
1

2
(σi · σi+1 + I4) , (15.11)

acting on spinors at neighbouring sites, is just the permutation operator P.

15.8 Further to the L–operator

Let us now return to the operator Ln, (15.7). Using the terminology of tensor products intro-
duced in section 15.7.1, the Ln–operator can now be formally decomposed and written as a
2 × 2 matrix with elements α̂n, β̂n, γ̂n and δ̂n which are themselves matrices or operators of
dimension 2N × 2N

Ln =

(
α̂n β̂n
γ̂n δ̂n

)
. (15.12)

Now we can write the monodromy matrix in terms of the local L–operators

T = L1L2 . . . LN =

N∏
n=1

Ln

or, because of (15.12)

T =

(
A B
C D

)
. (15.13)

Now we can formally perform the trace of (15.6) to obtain

T = A+D. (15.14)

So far, of course, this was all purely formal and we still have not diagonalized T . This will
only be possible once we specify the model, i.e. once we define the energies εj and therewith

3Often we, as many other people, shall be sloppy about unit matrices and identity operators, and not indicate their
proper dimensions; we even go as far as just writing “1”, as if it were the number 1.
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the Boltzmann weights vj . However, we can now give a sufficient condition (not a necessary
one, though!) for the transfer matrices to commute.

15.9 Yang–Baxter relations

This sufficient condition for commuting transfer matrices are the Yang–Baxter relations which
we can write formally

R′′(T ⊗ T ′) = (T ′ ⊗ T )R′′ (15.15)

where the dyadic product is given by

T ⊗ T ′ =

(
AT ′ BT ′
CT ′ DT ′

)
.

The R–matrix and the two monodromy matrices are to be taken for different sets of vertex
weights vj or wij which is indicated by no prime, prime and double prime, i.e.

T = T (vj) T ′ = T (v′j) R′′ = R(v′′j ).

The Yang–Baxter relations equation (15.15) implies that the transfer matrices for different
sets of vertex weights commute, equation (15.4). To see this rewrite the Yang–Baxter relations
(15.15) as

(T ⊗ T ′) = R′′
−1

(T ′ ⊗ T )R′′ (15.16)

and take the appropriate trace in the 4 dimensional space.

Exercise 15.3 Convince yourself that taking the trace in an appropriate four–dimensional space of the
previous equation, (15.16), is sufficient for the transfer matrices for different sets of vertex weights to
commute

[T, T ′] = 0. (15.17)

Using the local L–operators we can also write down local Yang–Baxter relations

R′′(Ln ⊗ L′n) = (L′n ⊗ Ln)R′′

or, more explicitly, using the weights wij this time

R(w′′ij)(Ln(wij)⊗ Ln(w′ij)) = (Ln(w′ij)⊗ Ln(wij))R(w′′ij). (15.18)

We pause for a moment to clarify what our results so far mean. We found the Yang–Baxter
relations as a sufficient condition for the integrability of the transfer matrix of the vertex
model. Integrability here means that we can diagonalize the transfer matrix of a given vertex
model and hence calculate the partition function.
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15.10 More on Yang–Baxter relations

The Yang–Baxter relations appear in many different versions. We have already encountered
two versions, the first involving, besides the R–matrix, the whole monodromy matrix T . The
second has the local Ln matrices in place of the monodromy matrix T , suggesting that there
is a version of the Yang–Baxter relations which employs only R–matrices.

While the versions of the Yang–Baxter relations involving the monodromy matrix T or
the Ln matrices are connected to the square lattice of the vertex model, the version involving
only R matrices consists of just three vertices attached to each other to form a triangle (cf.
figure 15.11).

Fig. 15.11 Yang–Baxter relations for the R matrices. From Rodney Baxter’s book.

Exercise 15.4 Write down the explicit Yang–Baxter relations corresponding to figure 15.11.

15.11 Exploiting integrability

We will now exploit the local Yang–Baxter relations, (15.18), i.e. the integrability condition.
To do so, let’s finally establish an explicit relation between the vertex weights vj and the
elements of the R–matrix:

Rα
′

α (γ, γ′) =

4∑
i,j=1

wijσ
i
γ′,γσ

j
α,α′ . (15.19)

The logic is the following: We are searching for vertex weights wij such that the local Yang–
Baxter relations are satisfied.

So far, we have not imposed any restrictions on the model. Thus theR–matrix (15.19) still
corresponds to the most general case of a sixteen–vertex model. Unfortunately, there are no
vertex weights known for a sixteen–vertex model and, hence, there is no R–matrix either such
that the local Yang–Baxter relations (15.18) could be satisfied.
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We will accordingly restrict our attention to the eight–vertex model and eventually even
the six–vertex model where (15.19) simplifies to

Rα
′

α (γ, γ′) =

4∑
j=1

wjσ
j
γ′,γσ

j
α,α′ . (15.20)

and the L–operators are

Ln =

4∑
j=1

wjσ
j ⊗ σjn =

(
w4In + w3σ

z
n w1σ

x
n − iw2σ

y
n

w1σ
x
n + iw2σ

y
n w4In − w3σ

z
n

)

R+
+(+,+) ≡ v1 = w3 + w4

Furthermore
v2 = w4 − w3 v3 = w1 + w2 v4 = w1 − w2

For the six–vertex model, the ice rule requires

v4 = 0 ⇔ w1 = w2

The local Yang–Baxter relations, equation (15.18) are equations relating the different sets
of vertex weights w′′j , w

′
j and wj . For the eight–vertex model, these equations describe an

elliptic curve which can be parametrized by elliptic functions sn(u, k) (elliptic sine of modulus
k). These remarks connect the present discussion with the remarks in section 15.6, especially
figure 15.9.

At this point, we at last specialize to the six–vertex model, pointing the reader to the
literature (see Baxter (1982)) for the further treatment of the eight–vertex model.
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Six–vertex model

We restrict ourselves in the following to the six–vertex model, where the corresponding curves
obtained from (15.18) can be parametrized by ordinary trigonometric sine functions 1. These
would also emerge from appropriate limits (i.e. k → 1) of the elliptic functions.

16.1 Parameterization of the six–vertex model

The local Yang–Baxter relations, (15.18), of the six–vertex model are satisfied for the param-
eterization

v1 = w3 + w4 = sin(λ+ η)

v2 = w4 − w3 = sin(λ− η) (16.1)
v3 = 2w1 = sin(2η)

i.e. we have two parameters whose significance will become clear in the following.
In fact, we shall regard λ, the so–called spectral parameter, as the main parameter, which

will play a major role in diagonalizing the transfer matrix. The parameter η will turn out to
describe different regimes of the model.

The replacements in the parameterizations, (16.1),

λ→ µ

and
λ→ λ− µ+ η

give sets w′j and w′′j , respectively, such that the local Yang–Baxter relations (15.18) are satis-
fied. The local Yang–Baxter relations thus take the form

R(λ− µ)(Ln(λ)⊗ Ln(µ)) = (Ln(µ)⊗ Ln(λ))R(λ− µ)

The L– and R–matrices can now be given explicitly

Ln(λ) =

(
w4(λ)In + w3(λ)σzn

sin 2η
2 σ−n

sin 2η
2 σ+

n w4(λ)In − w3(λ)σzn

)
where

w4(λ)± w3(λ) = sin(λ± η)

1This is only one possible parameterization which corresponds to the anisotropicXXZ Heisenberg quantum spin
chain with anisotropy parameter |∆| ≤ 1.
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and

R(λ) =


1 0 0 0
0 b(λ) c(λ) 0
0 c(λ) b(λ) 0
0 0 0 1


where

b(λ) =
sin 2η

sin(λ+ 2η)

c(λ) =
sinλ

sin(λ+ 2η)

Now we are in a position to start the diagonalization of the transfer matrix.
Introduce the local vacuum state

ωn =

(
1
0

)
n

,

i.e. the state which is defined by

σznωn = σzn

(
1
0

)
n

= +

(
1
0

)
n

= +ωn,

σ+
n ωn = σ+

n

(
1
0

)
n

= 0,

σ−n ωn = σ−n

(
1
0

)
n

= +

(
0
1

)
n

,

and

σzn

(
0
1

)
n

= −
(

0
1

)
n

.

The L–operator acts on ωn to produce

Ln(λ)ωn =

(
α(λ)ωn ∗

0 δ(λ)ωn

)
(16.2)

which is an upper triangular matrix, where

α(λ) = sin(λ+ η)

and
δ(λ) = sin(λ− η)

Because this is a triangular matrix, the matrix element indicated by an ∗ will not play any
further role in the analysis and we don’t bother to write it down explicitly.
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The reference state

Ω =

N∏
n=1

⊗ ωn

assumes the role of the local vacuum state for the monodromy matrix. Using the triangular
form of (16.2), we immediately obtain

T Ω =

(
αN (λ)Ω ∗

0 δN (λ)Ω

)
Now, the formal developments we spent quite some space on before introducing a number of
formal quantities, are starting to pay off. The transfer matrix was

T = tr (T ) = A(λ) +D(λ).

We can now immediately read off an eigenvalue of the transfer matrix and also the eigenvalues
of the matrices A and D

A(λ)Ω = αN (λ)Ω

and
D(λ)Ω = δN (λ)Ω

and, finally,
T (λ)Ω = (αN (λ) + δN (λ))Ω.

We note that Ω is an eigenstate of the transfer matrix with eigenvalue

αN (λ) + δN (λ).

We now want to construct other eigenstates of the transfer matrix T (λ). To make progress
with this we use the fundamental relation, the Yang–Baxter relation

R(λ− µ)(T (λ)⊗ T (µ)) = (T (µ)⊗ T (λ))R(λ− µ) (16.3)

It is this constructive, algebraic approach which gives the whole approach its name: algebraic
Bethe ansatz.

Writing the Yang–Baxter relations in components, we obtain 16 commutation relations
between the operators A,B,C and D. Fortunately many of them are rather trivial or do not
give any further information. In fact, we only need 3 of them for our purpose. The operator B
commutes for different values of the spectral parameter

[B(λ), B(µ)] = 0. (16.4)

The other two commutation relations are more complicated.

A(λ)B(µ) =
1

c(µ− λ)
B(µ)A(λ)− b(µ− λ)

c(µ− λ)
B(λ)A(µ) (16.5)

and

D(λ)B(µ) =
1

c(λ− µ)
B(µ)D(λ)− b(λ− µ)

c(λ− µ)
B(λ)D(µ) (16.6)

We note, that the operator C(λ) does not play a further role in our analysis. It can be shown,
thatC(λ) acts as an annihilation operator in the same sense asB(λ) acts as a creation operator
(see below).
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Exercise 16.1 Explicitly derive (16.4–16.6) from the Yang–Baxter relation, (16.3) of the six–vertex
model. You may want to derive further commutation relations.

These commutation relations suggest an interpretation of B(λ) as a kind of creation op-
erator. Acting with the B–operator for different values λj of the spectral parameter on the
reference state Ω, we construct the state

Φ(λj) =
∏̀
j=1

B(λj)Ω,

which apparently depends on the string of mutually different spectral parameters λj , j =
1, . . . , `.

We expect that this state will be an eigenstate of the transfer matrix. We shall see, however,
that this is not immediately true. Rather we find that

T (λ)Φ = Λ(λ)Φ + “junk”–terms.

Provided we can make the “junk”–terms disappear, this would indeed be an eigenvalue equa-
tion.

We find, that the “junk” or unwanted terms indeed do disappear, provided the distinct
values of the spectral parameters {λj} satisfy

αN (λj)

δN (λj)
=

∏̀
k=1,k 6=j

c(λk − λj)
c(λj − λk)

j = 1, . . . , `. (16.7)

With this provision, we find the eigenvalue

Λ(λ;λ1, . . . , λ`) = αN (λ)
∏̀
j=1

1

c(λj − λ)
+ δN (λ)

∏̀
j=1

1

c(λ− λj)
. (16.8)

The proof of these statements is rather lengthy but elementary. It only uses the commutation
relations (16.4-16.6) to carry the operators A(λ) and D(λ) of the transfer matrix T (λ) =
A(λ) + D(λ) through the strings of B(λj)–operators. The equations (16.7) stem from the
terms in (16.5) and (16.6) where the arguments of A or D, respectively, and B are exchanged,
i.e. the second terms on the respective right–hand sides of the commutation relations (16.5)
and (16.6). These unwanted terms cancel if (16.7) hold.

Exercise 16.2 Derive the above results explicitly for the cases ` = 1 and ` = 2, respectively.

The equations (16.7) are the celebrated Bethe ansatz equations, now derived within the
algebraic framework.

We are now only left with the task to show the connection of this approach with the Heisen-
berg quantum spin–1/2 chain. To do this, we have to consider the transfer matrix T (λ) in some
detail.
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19.5 Excitations of the XXZ spin chain

For any given set of quantum numbers {λi} the Bethe ansatz equations (19.10)

kiN = 2πλi +

M∑
j=1,j 6=i

Θ(ki, kj) where λi = 0, 1, . . . , N − 1; i = 1, . . . ,M

describe a state. In general, we do not know beforehand which state this will be. This is one of
the main problems to be solved within the framework of the coordinate Bethe ansatz. Gener-
ically, by prescribing a set of quantum numbers {λi}, we will have hit on some excited state.
At this stage, we would have to invest a lot of work to determine the low–lying excitations of
the spin chain.

We shall, instead, restrict ourselves to a few simple examples which we examine in the
thermodynamic limit N →∞ thereby simplifying the analysis considerably. The complexity
of the Bethe ansatz equations will become apparent even for the simplest examples.

19.5.1 One magnon state in the ferromagnetic chain

The simplest case is the isotropic ferromagnetic spin chain, i.e. ∆ = −1, whose ground state
is the reference state |0〉 introduced in section 18.3, (18.6). In section 19.3, we have seen that
the quasi–momenta for the isotropic ferromagnetic chain can be parametrized by

ki = 2 tan−1 2vi

where, for real 0 ≤ ki ≤ 2π, the variables vi are distributed over the whole real line. The
phases, which, in the new variables, depend only on the difference, are given by

Θ(ki, kj) = 2 cot−1(vi − vj)

and the energy of the state by

EM =
1

2

M∑
j=1

1

vj + 1
4

=
1

2

M∑
j=1

dkj
dvj

.

The Bethe ansatz equations in product form are then for even N(
vi − i

2

vi + i
2

)N
=

M∏
j=1,j 6=i

vi − vj − i
vi − vj + i

, i = 1, . . . ,M. (19.22)

For M = 1 flipped spin, this reduces to(
v − i

2

v + i
2

)N
= 1

or, equivalently,
v − i

2

v + i
2

= eik
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with eik one of the N th roots of unity, i.e.

k =
2πλ

N
, λ = 0, 1, 2, . . . , N − 1.

In the thermodynamic limit N →∞ the quasi–momentum k gets indeed distributed over
the whole interval 0 ≤ k ≤ 2π and, hence, the rapidity variable v over the whole real line.

An excitation of this type is called a magnon or spin wave. The energy of a magnon of the
ferromagnetic spin chain is given by

E1(k) = 1 + cos k.

Fig. 19.5 Energy spectrum of one magnon excitations of the isotropic ferromagnetic Heisenberg model.
Indicated are also the corresponding values of the rapidity variable v (denoted by λ in the figure). Note
that, compared to the calculation in the text, a different Brillouin zone has been chosen: −π ≤ k ≤ π

instead of 0 ≤ k ≤ 2π.

Since we choose the Hamiltonian in such a way, that the ferromagnetic reference state
|0〉 has energy E0 = 0, we obviously have the result, that for the magnon energy for all
quasi–momenta 0 ≤ k ≤ 2π

E1(k) ≥ E0.

This demonstrates that the energy of the reference state is indeed a good candidate for the
absolute ground state of the spin chain.

More ambitious is the case of two flipped spins to which we now turn.

19.5.2 Bound states or spin complexes

In the case of two flipped spins, M = 2, we have the two coupled Bethe ansatz equations
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(
v1 − i

2

v1 + i
2

)N
=
v1 − v2 − i
v1 − v2 + i

, (19.23)

(
v2 − i

2

v2 + i
2

)N
=
v2 − v1 − i
v2 − v1 + i

. (19.24)

19.5.2.1 Real solutions: two magnon state of the ferromagnetic spin chain. The first ques-
tion to answer is whether these equations admit real solutions v1 and v2.

Using again the identity

exp
(
2i cot−1 x

)
=
x+ i

x− i
for real x, we can rewrite the two coupled equations

v1 − i
2

v1 + i
2

=

(
v1 − v2 − i
v1 − v2 + i

) 1
N

= e−iφ(v1−v2) = eik1

v2 − i
2

v2 + i
2

=

(
v2 − v1 − i
v2 − v1 + i

) 1
N

= eiφ(v1−v2) = eik2

where
ki =

2πλi
N

, λi = 0, 1, . . . , N − 1, i = 1, 2

and
φ(v1 − v2) =

1

N
Θ(v1 − v2) =

2

N
cot−1(v1 − v2)

using the principal value of the cot−1 function. Since the principal value of the cot−1 function
is a bounded function, φ(v1 − v2) vanishes as N →∞. Therefore, in this limit,

vi − i
2

vi + i
2

= eiki , i = 1, 2.

In other words, for real v1 and v2, the Bethe ansatz equations for two flipped spins decouple
and reduce to two independent equations of the type we know from the discussion of the one
magnon state. Thus, we have the two magnon state of the ferromagnetic spin chain with the
quasi–momenta k1 and k2. The energy of this state is given by

E2 = 1 + cos k1 + 1 + cos k2 = 2

(
1 + cos

k1 + k2

2
cos

k1 − k2

2

)
.

Again we see, that E2 ≥ E0.
However, in the case of two flipped spins, the two magnon state does not exhaust the

possible states of the spin chain. We have to take into account the possibility of complex
solutions of the Bethe ansatz equations6. While the two magnon solution discussed so far
can be regarded as a state of two independent single magnon excitations, the solutions with
complex rapidities will clearly show interaction effects.

6This was where Bethe’s analysis extended that of Bloch.
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19.5.2.2 Complex solutions: bound state or spin complex. We now investigate the Bethe
ansatz equations (19.23) and (19.24) when the rapidities can take complex values

vi = xi + iyi, i = 1, 2.

Then we have for the moduli of the Bethe ansatz equations (19.23) and (19.24)[
x2

1 + (y1 − 1
2 )2

x2
1 + (y1 + 1

2 )2

]N
=

(x1 − x2)2 + (y1 − y2 − 1)2

(x1 − x2)2 + (y1 − y2 + 1)2
(19.25)

[
x2

2 + (y2 − 1
2 )2

x2
2 + (y2 + 1

2 )2

]N
=

(x1 − x2)2 + (y1 − y2 + 1)2

(x1 − x2)2 + (y1 − y2 − 1)2
(19.26)

which are symmetric with respect to exchange of the indices 1 and 2.
We examine (19.25) and (19.26) in the limit N →∞. Assuming that y1 > 0, the LHS of

(19.25) vanishes for N →∞ and moreover it follows that

x1 = x2 and y1 − y2 = 1.

The same result follows from (19.26) assuming y2 < 0. Using the exchange symmetry of the
indices, in summary we have either

x1 = x2 and y1 − y2 = 1 for y1 > 0, y2 < 0 (19.27)

or
x1 = x2 and y2 − y1 = 1 for y1 < 0, y2 > 0. (19.28)

Next, we multiply the Bethe ansatz equations (19.23) and (19.24) together. Using (19.27)
yields [

x1 + i(y1 − 3
2 )

x1 + i(y1 + 1
2 )

]N
= 1.

If we use (19.28) instead, we have to replace y1 by y2 in this expression. It follows, that the
complex number in the brackets of this expression must have unit modulus. For this to be true,
we must either have y1 = 1

2 and, hence, y2 = − 1
2 , or else y2 = 1

2 and y1 = − 1
2 , depending

on whether we use (19.27) or (19.28). In both cases, however, we end up with[
x1 − i
x1 + i

]N
= 1

or
exp

(
2i cot−1 x1

)
= eik

where, again, we have to use the principal value of the cot−1 function and eik is one of the
N th roots of unity. In the limitN →∞ both k and 2 cot−1 x1 are defined on the same interval
[0, 2π]. Hence, we do not find any restriction for the value of the real part x1 which can thus
assume any real value.
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The complex solution of the Bethe ansatz equations (19.23) and (19.24) is thus found to
be of the form (dropping the index 1 on the variable x)

v1 = x± i

2
, v2 = x∓ i

2
, −∞ < x <∞, (19.29)

i.e. they form a pair of conjugate complex values (of course, (19.29) only describes two, not
four rapidities).

The important question which remains to be answered is, what kind of state is it that is
described by the complex solution (19.29). To answer this question, let’s go back from rapidi-
ties to quasi–momenta. Recall the relation between the quasi–momenta ki and the rapidities
vi for the isotropic ferromagnetic spin chain with ∆ = −1

ki = 2 tan−1 2vi.

For the two flipped spins we are considering, we have

k1 ± k2 = 2(tan−1 2v1 ± tan−1 v2)

which, with the help of the identity,

tan−1 z =
1

2i
ln

1 + iz

1− iz

after some algebra, yields
k1 + k2 = −2 cot−1 x (19.30)

and

k1 − k2 = −i ln

[
x2

1 + x2

]
. (19.31)

Written differently, this means that k1 and k2 are conjugate complex numbers

k1 = α+ iβ, k2 = α− iβ

where

α = − cot−1 x, β = −1

2
ln

[
x2

1 + x2

]
.

For pairs of conjugate complex quasi–momenta, it has already been shown by Bethe (1931)
that the probability |a(n1, n2)|2 calculated from the Bethe ansatz wave function falls off
roughly exponentially for increasing distance n2−n1 of the two flipped spins. The two flipped
spins are thus in a bound state, or, as Bethe himself called it, they form a spin complex. We
leave the details of this calculation as an exercise.

Exercise 19.7 Bound state of the M = 2 sector of the isotropic ferromagnetic spin chain
Calculate the probability |a(n1, n2)|2 from the Bethe ansatz wave function for increasing distance n2−
n1 of the two flipped spins. This exercise is rather an enticement to read Bethe’s original paper, either
in the German original (Bethe, 1931) or in the English translation, available in Bethe (1997) or Mattis
(1993).
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It is also instructive to calculate the energy Eb2 of the bound state which is what we shall
do now. Recalling the results of section 19.3, especially of exercise 19.5, the energy for two
flipped spins of the isotropic ferromagnetic chain is

E2 =
1

2

2∑
i=1

1

v2
i + 1

4

=
1

2

2∑
i=1

dki
dvi

.

For the complex rapidities (19.29) this yields

Eb2 =
1

x2 + 1
=

1

2
(1− cos(k1 + k2)) ,

the last expression following from equation (19.30).
The bound state energy and the two–magnon energy are plotted in figures 19.6 and 19.7.

Fig. 19.6 Excitation spectrum of the isotropic ferromagnetic (∆ = −1) spin chain for M = 2. Red
shaded area: continuum of two–magnon excitations. Full line: bound state energy.

It is apparent from the figure and the equations, too, that Eb2 is always above the ground
state energyE0:Eb2(k1+k2) ≥ E0, but also always below the two–magnon excitation energy:
Eb2(k1 + k2) ≤ ES2 (k1 + k2).

It seems plausible to assume that the above results can be generalized to three and more
flipped spins. However, the algebra will also become more tedious. Since, moreover, we do not
expect to gain any further physical insight, just more complicated excitation spectra, we will
not pursue this further. Let’s close this section with a description what we would be finding in
the case M = 3 of three flipped spins from the totally ferromagnetic state.

In the case M = 3, the following types of solution occur:
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Fig. 19.7 Spectrum of the two magnon excitations of the isotropic ferromagnet. It consists of a con-
tinuum of scattering states described by real solutions of the Bethe ansatz equations and a branch of
bound states corresponding to two–string solutions. Note, that compared to the calculations in the text,
a different Brillouin zone has been chosen: −π ≤ P ≤ π instead of 0 ≤ (k1 + k2) ≤ 2π. Otherwise,
this is the same spectrum as shown in figure 19.6.

1. all three vi are real and independent; this solution characterizes the three–magnon state,
three independent magnons with quasi-momenta k1, k2 and k3;

2. one of the vi, v1 say, is real, the other two form a conjugate complex pair; this corresponds
to a one–magnon state with real quasi–momentum k1 and a bound state or two–spin
complex with real quasi–momentum k = k2 + k3;

3. the three rapidities vi have the form v1 = x+ i, v2 = x, and v3 = x− i with a common
real part x; this is a three-spin complex, i.e. a bound state of the three flipped spins, with
the real quasi–momentum k = k1 + k2 + k3.

Despite the slightly disparaging remark above about the physical interest in doing the
corresponding calculations, it is nevertheless important to generalize the emerging picture of
how the states are characterized by rapidities and quasi–momenta. One reason for this is, that
otherwise we cannot answer the question which started Bethe himself in his investigation, the
question of correctly enumerating all states of the spin chain. A second reason is connected
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with the extension of the Bethe ansatz to finite temperature: the thermodynamic Bethe ansatz7,
where knowledge of the structure of the Bethe ansatz solutions is the starting point of the
analysis; see part VII.

Let’s therefore continue with generalizing from what we learned in the cases M = 1, 2, 3
for the structure of the solutions of the Bethe ansatz equations.

The solutions of the Bethe ansatz equations are sometimes also called Bethe ansatz roots.
From here on, we will be using both terminologies.

Fig. 19.8 Strings: a one–, two–, three–, and four–string.

19.5.3 String hypothesis

We would now like to generalize from what we have seen in the previous sections. The gener-
alization of the picture of Bethe ansatz solutions which emerged for the case M = 3 suggests
the following hypothesis. The solutions of the Bethe ansatz equations in product form[

vi − i
2

vi + i
2

]N
=

M∏
j=1,J 6=i

vi − vj − i
vi − vj + i

, i = 1, . . . ,M, M ≤ N

2
(19.32)

for arbitrary M contains always spin complexes of various lengths n. An n–spin complex
consists, as the examples we discussed in detail suggest, of an aggregate of n complex rapidi-
ties vi, which all have a common real part and whose imaginary parts differ by unity. The spin
complex is thus described by n complex numbers

vn,j = vn +
i

2
(n+ 1− 2j), j = 1, 2, . . . , n (19.33)

7Not to be confused with the limit of large N (formally N → ∞), the thermodynamic limit, which as we have
seen is not concerned with finite temperature.



226 Bethe ansatz for the XXZ spin chain

where vn is real. This aggregate is called a string8 of length n. The hypothesis states that this
is the general structure of the solutions of the Bethe ansatz equations9. We shall see below
how the hypothesis simplifies the analysis of the Bethe ansatz equations.

This hypothesis goes basically back to Bethe himself. It was extended to the anisotropic
case ∆ 6= ±1. However, it is not correct as has been shown, e.g. in Woynarovich (1982a,
Woynarovich (1982b). There are indeed excitations of the Heisenberg spin chain which do
not obey the string hypothesis. However, the standard argument runs, these non–string exci-
tations are not relevant in the thermodynamic limit because their number is small (i.e. remain
microscopic of order unity) compared to the number of string excitations (which become
macroscopic of order ∝ N ). Hence, they also do not, as we shall use in part VII, contribute
to the thermodynamics of the spin chain. We are not going to discuss the issue of string and
non–string solutions further, but adopt the string hypothesis for the most part.

The examples we discussed in detail above do indeed fit the string hypothesis. A one–
magnon state is described by a string of length n = 1, which is of course a rather fancy way of
saying that it is described by a real rapidity. A two–spin complex, a bound state of two flipped
spins, is described by a string of length n = 2, i.e. a pair of conjugate complex rapidities.

The string structure (19.33) is not yet the most general. We can have several, νn say, strings
of the same length n which are distinguished by their real parts, i.e.

vn,jα = vnα +
i

2
(n+ 1− 2j), j = 1, 2, . . . , n α = 1, 2, . . . , νn (19.34)

where νn is the number of strings of length n. The index i for a rapidity in equation (19.32),
thus, has been replaced by a combination of two indices j = 1, . . . , n, enumerating the string,
and α = 1, 2, . . . , νn of strings of length n with distinct real parts.

Therefore, as it is easy to convince oneself, the numbers νn are restricted by the condition

M =

M∑
n=1

nνn.

In particular, this can easily be verified for the caseM = 3 which we discussed in the previous
section. Indeed, for M = 3 we have the following possibilities

1. ν1 = 3, ν2 = ν3 = 0

2. ν1 = ν2 = 1, ν3 = 0

3. ν1 = ν2 = 0, ν3 = 1

which covers the cases we have discussed.

19.5.3.1 Bethe ansatz equations for the real parts of strings. We now examine the Bethe
ansatz equations in product form[

vi − i
2

vi + i
2

]N
=

M∏
j=1,j 6=i

vi − vj − i
vi − vj + i

8 No connection to string theory!
9 As we have seen in the examples above, the strings take the form (19.33), strictly speaking, only in the ther-

modynamic limit N → ∞. For finite N , there are small corrections which vanish rapidly as the chain length N
increases; see e.g. Faddeev and Takhtajan (1984) and Gaudin (1983) and references therein for details. We ignore this
fine detail here.
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inserting the string form for the rapidities vi and vj

vi → vn,kα = vnα +
i

2
(n+ 1− 2k), k = 1, 2, . . . , n, α = 1, 2, . . . , νn, (19.35)

vj → vm,lβ = vmβ +
i

2
(m+ 1− 2l), l = 1, 2, . . . ,m, β = 1, 2, . . . , νm, (19.36)

which yields the equations in the form

[
V1(vn,kα )

]N
=

∏
m,β

{m,β}6={n,α}

m∏
l=1

vn,kα − vm,lβ − i
vn,kα − vm,lβ + i

=
∏
m,β

{m,β}6={n,α}

m∏
l=1

V2(vn,kα − vm,lβ )

where

V1(a) =
a− i

2

a+ i
2

,

and
V2(a) =

a− i
a+ i

.

In the double product above: m = 1, 2, . . . ,M and β = 1, 2, . . . , νm. The notation for the
double product is used to indicate that, on the LHS, all terms are to be excluded where
{m,β} 6= {n, α} would be fulfilled simultaneously. However, one must allow terms with
m = n as long as β 6= α and terms with β = α as long as m 6= n. Since {m,β} 6= {n, α}
guarantees that we are either dealing with different real parts or strings of different length (i.
e. different strings), the third product does not need a restriction.

For later use, we define also the functions for general index n

Vn(a) =
a− n

2 i

a+ n
2 i
.

The inner product over l can be easily evaluated. First, using (19.36), we obtain

m∏
l=1

vn,kα − vm,lβ − i
vn,kα − vm,lβ + i

=

m∏
l=1

v + i(l − 1)

v + i(l + 1)

where we set
v ≡ vn,kα − vmβ − i

m+ 1

2

as abbreviation. In this form the product is easily seen to be “telescopic”, i.e. most factors in
the numerator and denominator of the product cancel and what remains is

m∏
l=1

v + i(l − 1)

v + i(l + 1)
=

v

v + i(m+ 1)

v + i

v + im
.
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The remaining two quotients on the RHS can be written with the help of the functions V1 or
Vn we introduced above

v

v + i(m+ 1)

v + i

v + im
= V1

(
vn,kα − vmβ
m+ 1

)
V1

(
vn,kα − vmβ
m− 1

)
= Vm+1(vn,kα − vmβ )Vm−1(vn,kα − vmβ ),

so that we get

[
V1(vn,kα )

]N
=

M∏
m=1,m 6=n

νn∏
β=1,β 6=α

V1

(
vn,kα − vmβ
m+ 1

)
V1

(
vn,kα − vmβ
m− 1

)

=

M∏
m=1,m 6=n

νn∏
β=1,β 6=α

Vm+1(vn,kα − vmβ )Vm−1(vn,kα − vmβ ).

Let’s now perform the product over k (k = 1, . . . , n) on both sides of this equation. The
LHS contains again a telescopic product, so that the LHS reduces to

n∏
k=1

[
V1(vn,kα )

]N
=

[
V1

(
vnα
n

)]N
= [Vn (vnα)]

N
,

and, thus, we are left with only the real parts of the string on the LHS. This yields the compact
form of the Bethe ansatz equations

[Vn (vnα)]
N

=

M∏
m=1,m6=n

νn∏
β=1,β 6=α

Vnm(vnα − vmβ )

where

Vnm(vnα − vmβ ) =
n∏
k=1

V1

(
vn,kα − vmβ
m+ 1

)
V1

(
vn,kα − vmβ
m− 1

)

=

n∏
k=1

Vm+1(vn,kα − vmβ )Vm−1(vn,kα − vmβ ). (19.37)

Still, we have not completely reduced the Bethe ansatz equations such that they contain only
the real parts of the strings, which is, after all, our objective. The RHS still contains the full
complex strings, equation (19.35). These can also be removed, with somewhat more effort, by
inserting (19.35) into (19.37). It can then be shown that the Bethe ansatz equations can finally
be recast in a form containing only the real parts of the (assumed) strings

[Vn(vnα)]
N

=

M∏
m=1,m 6=n

νn∏
β=1,β 6=α

Vnm(vnα − vmβ ), (19.38)

where the functions Vnm now contain only the real centers of the strings, and are explicitly
given by
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Vnm(x) = V|n−m|(x)V 2
|n−m|+2(x) . . . V 2

n+m−2Vn+m(x),

and
x = vnα − vmβ .

Now we have arrived at a set of equations for the real parts of the strings only which has
been the goal of this maybe slightly tedious section.

However, we can obtain a further important result with almost no further work: the Bethe
ansatz equations for the real parts of the strings are valid, not only for the isotropic ferromag-
netic case ∆ = −1, for which we just derived them, but also for the isotropic antiferromag-
netic case ∆ = 1. The Bethe ansatz equations (19.15) for the isotropic antiferomagnetic spin
chain transform into the corresponding equations (19.22) for the ferromagnetic chain upon
complex–conjugating, however for the rapidities v∗i and v∗j instead of vi and vj . This does
not matter, though, since a look at the string structure equations (19.35) and (19.36) reveals
that

(
vn,jα

)∗
and (vm,lβ )∗ are the same set of complex numbers as (19.35) and (19.36) them-

selves. Thus, the Bethe ansatz equations (19.38) are generally valid for the isotropic spin chain
∆ = ±1.

In a first attempt to use the work invested, let us calculate physical quantities: crystal
quasi–momentum and energy of a string solution.

In part VII we shall also see, that the tedious work to derive the Bethe ansatz equations
for the real parts of the strings was necessary to correctly investigate the finite temperature
thermodynamics of the spin chain.

19.5.3.2 Quasi–momentum and energy of a string solution. Starting with the ferromag-
netic case ∆ = −1, we get for the crystal quasi–momentum from (19.11)

K =

M∑
j=1

kj

and a result from exercise 19.5

kj = 2 tan−1 2vj =
1

i
ln

i
2 − vj
i
2 + vj

the intermediate result

K =

M∑
j=1

kj =
1

i

M∏
j=1

i
2 − vj
i
2 + vj

.

To make progress, we shall assume that all rapidities vj (j = 1, . . . ,M) belong to a single
string of length M , i.e. to an M–string complex, thus

vj = v +
i

2
(M + 1− 2j), j = 1, . . . ,M.

Again the product is telescopic and we find

M∏
j=1

i
2 − vj
i
2 + vj

= (−1)MV1

( v
M

)
,



230 Bethe ansatz for the XXZ spin chain

and thus
K = 2 tan−1 2v

M
− π

2
[1 + (−1)M+1].

The energy is then from

EM (K) =
1

2

M∑
i=1

dki
dvi

=
1

2

dK

dv

given by

EM (K) =
1

M
[1− (−1)M cosK],

which coincides with the special cases for M = 1 and M = 2 which we calculated above.
Using the corresponding equations for the isotropic antiferromagnetic spin chain ∆ = 1

(cf. 19.3.1), a similar calculation yields the results

K = 2 cot−1 2v

M

for the total crystal quasi–momentum, and

EM (K) = − 1

M
(1− cosK)

for the energy.
Similar calculations can be performed for the case when there are several string solutions.

We leave the example of a two string solution as an exercise to the reader.

Exercise 19.8 Quasi–momentum and energy of a two string solution
Repeat the calculations of section 19.5.3.2 leading to quasi–momentum and energy of a one string

solution of the Bethe ansatz equations for a two string solution,i.e. for two strings of length M − n and
n, respectively. In this case, the total quasi–momentum splits into two parts

K = P +Q

one part, P say, corresponding to the string of length M − n, the other, Q, to the string of length n.

Exercise 19.9 Ferromagnetic versus antiferromagnetic spin chain Show that for fixed M and fixed
K the M–spin complex (one string of length M ) the excitation energy of the ferromagnetic case is
lowest, whereas the excitation energy of the antiferromagnetic case is highest.
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Thermodynamics of the isotropic
spin chain

29.1 Summary of Bethe ansatz for the isotropic spin chain

Let us first summarize some of the results we obtained in the previous part IV on the coordinate
Bethe ansatz for the isotropic antiferromagnetic spin chain. To be able to calculate quantities
such as the magnetic susceptibility, we consider in this part on the thermodynamic Bethe
ansatz the slightly more general isotropic antiferromagnetic spin chain in an external magnetic
field h ≥ 0 with Hamiltonian

H =

N∑
n=1

(
SnSn+1 −

1

4

)
− h

N∑
n=1

Szn. (29.1)

Exercise 29.1 Energy eigenvalue of the isotropic spin chain in a magnetic field
Convince yourself that the earlier result for the energy eigenvalue of the isotropic antiferromagnetic
chain, equation (19.16), in section 19.3.1, can easily be generalized to the finite magnetic field case of
Hamiltonian (29.1) to give

EM = −1

2

M∑
i=1

1

v2
i + 1

4

− h
(
N

2
−M

)
. (29.2)

The rapidities {vi} satisfy the Bethe ansatz equations(
vi + i

2

vi − i
2

)N
=

M∏
j=i,j 6=i

vi − vj + i

vi − vj − i
, i = 1, 2, . . . ,M, M ≤ N

2
. (29.3)

These equations written in a more compact notation are

[V1(vi)]
N

=

M∏
j=i,j 6=i

V2(vi − vj),

where the functions

Vn(v) ≡
v + in

2

v − in
2

have been introduced.
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We have discussed in section 19.5.3 the string hypothesis for the solution of these equa-
tions. Let us recall the first few cases of string solutions:
• a string of length one:

v(1) = x

with x an arbitrary real number, called the center of the string.
• a string of length two: {

v(1) = x+ i
2

v(2) = x− i
2

,

• a string of length three: 
v(1) = x+ i
v(2) = x

v(3) = x− i
,

• and so on. Cf. figure 29.1

Fig. 29.1 Strings: a one–, two–, three–, and four–string.

Recall the string hypothesis which states that all solutions {vi, i = 1, 2, . . . ,M} of the Bethe
ansatz equations (29.3) are organized in strings. This hypothesis, despite the fact that it is
not correct (cf. the references given in section 19.5.3), is adopted in most treatments of the
thermodynamics of Bethe ansatz solvable models, and we shall adopt it here too. Non–string
type solutions are assumed to be negligible in the thermodynamic limit.

The general form of the strings is as follows: There are in general Mn strings of length n
of the form

v(n,j)
α = vnα + i

(
n+ 1

2
− j
)
,

where
j = 1, . . . , n, α = 0, 1, . . . ,Mn n = 1, . . . ,∞

with real centers vnα.
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We have discussed in section 19.5.3 how to rewrite the Bethe ansatz equations for string
solutions {v(n,j)

α } in such a way that the resulting Bethe ansatz equations only contain the real
centers, {vnα}, of the strings. The result there has been

[Vn (vnα)]
N

=

M∏
m=1;m 6=n

νm∏
β=0;β 6=α

Vnm
(
vnα − vmβ

)
(29.4)

Vnm(x) = V|n−m|(x)V 2
|n−m|+2(x) . . . V 2

n+m−2(x)Vn+m(x).

Since we have the thermodynamic limit N → ∞ in mind, we can let the upper limit of the
first product over m grow beyond bounds M →∞.

Since the products in equation (29.4) only contain phases, taking the logarithm simplifies
matters

Nkn(vnα) = 2πJnα +

∞∑
m=1,m 6=n

νm∑
β=0,β 6=α

Θnm

(
vnα − vmβ

)
(29.5)

where
kn(v) ≡ i lnVn(v)

and
Θnm(v) ≡ i lnVnm(v).

Note, that we have already used the upper limit∞ in the summation over m.
The numbers Jnα play the role of quantum numbers and are integers or half–integers which

are constrained by
−Jnmax ≤ Jnα ≤ Jnmax.

Faddeev and Takhtajan (1984) have given an explicit description for extracting an expres-
sion for Jnmax from equations (29.5). However, we shall not need such an expression for our
purposes.

We only need that such a range in fact does exist and call any integer or half–integer
within the range admissible. The reason for this naming will become clear soon. For every
admissible set of mutually distinct quantum numbers {Jnα} there is a unique solution of, again
mutually distinct, values {vnα}, of equation (29.5). Such solutions describe “particles” in the
Bethe ansatz framework, and are, hence, called particle rapidities.

Yang and Yang (1969), in their treatment of the thermodynamics of the one–dimensional
Bose gas with repulsive delta–function interaction, introduced the corresponding concept of
“holes”. If we prescribe a set of particle quantum numbers {Jnα}, there can be, and in a generic
case will be, gaps which correspond to numbers {J̃nα}, which, though perfectly admissible,
are not in the set of particle quantum numbers {Jnα}.

Using these admissible quantum numbers, which we call hole quantum numbers, we de-
fine via

Nkn(ṽnα) = 2πJ̃nα +

∞∑
m=1,m 6=n

νm∑
β=0,β 6=α

Θnm

(
ṽnα − vmβ

)
(29.6)

quantities {ṽnα}, called hole rapidities.
Observe, that the hole rapidities are determined by the particle rapidities {vmβ }, and, thus,

equations (29.5) and (29.6) are coupled.
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Euler–Maclaurin formula

Read Euler: he is our master in everything.

Pierre–Simon Laplace, as quoted in George Simmons (1992)

The Bethe ansatz equations contain sums over the finitely many discrete quasi–momenta
or rapidities. While these sums have been transformed into integrals in the thermodynamic
limit N →∞

34.1 Bernoulli numbers

The Bernoulli numbers Bn, n = 0, 1, . . ., a sequence of rational numbers, which are of great
importance in number theory, appear in many mathematical applications, for example in the
Euler–Maclaurin formula which is the subject matter of this chapter. The values of the first
fifteen Bernoulli numbers are

B0 = 1, B1 = −1

2
, B2 =

1

6
, B3 = 0, B4 = − 1

30
, B5 = 0, B6 =

1

42
, B7 = 0,

B8 = − 1

30
, B9 = 0, B10 =

5

66
, B11 = 0, B12 = − 691

2730
, B13 = 0, B14 =

7

6
.

Apart from the Euler–Maclaurin formula, the Bernoulli numbers e.g. also appear in the
Taylor series expansions of the tangent and hyperbolic tangent functions, in formulas for the
sum of powers of the first positive integers, and in connection with the Riemann zeta function.

There are various ways to define to Bernoulli numbers. One of these is via the generating
function

zexz

ez − 1
=

∞∑
n=0

Bn(x)

n!
zn, (34.1)

introducing the functions Bn(x) with the Bernoulli numbers given by Bn = Bn(0). The
functions Bn(x) are the Bernoulli polynomials

Bn(x) =

n∑
ν=0

(
n
ν

)
Bn−νx

ν ,

defined on the interval 0 ≤ x ≤ 1 and continued periodically beyond that interval. We shall,
however, not further discuss the Bernoulli polynomials here, but give one property of the
derivative

B′n(x) = nBn−1(x) (34.2)

and state explicitly the first two Bernoulli polynomials
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B0(x) = 1 and B1(x) = x− [x]− 1

where [x] is the largest integer n with n ≤ x.
For our limited purpose to derive a few elementary properties of the Bernoulli numbers, it

suffices to consider the generating function (34.1) for the special value x = 0.
Then we can write

z = (ez − 1)

∞∑
n=0

Bn
n!
zn =

( ∞∑
m=1

zm

m!

)( ∞∑
n=0

Bn
n!
zn

)
=

∞∑
µ=1

zµ

µ!

µ−1∑
n=0

(
µ
n

)
Bn. (34.3)

Exercise 34.1 Bernoulli numbers
Fill in the steps in the derivation of the identity (34.3), using the summation formula(

∞∑
m=0

amz
m

)(
∞∑
n=0

bnz
n

)
=

∞∑
µ=0

zµ
∑

m+n=µ

ambn.

This identity obviously implies

µ−1∑
n=0

(
µ
n

)
Bn =

{
1 µ = 1
0 µ ≥ 2

.

This recursion relation can be evaluated by setting successively µ = 1, µ = 2, and so on:
We obtain one by one the Bernoulli numbers as given above.

The generating function (34.1) also allows to prove that, as we may have suspected already,
all Bernoulli numbers with odd index n > 1 vanish: Bn = 0 for n > 1 odd. Set again x = 0
to obtain

z

ez − 1
+
z

2
=

∞∑
n=0,n6=1

Bn
n!
zn,

where we used B1 = −1/2 when shuffling the term for n = 1 of the sum to the left hand side
of the equation. Obviously the function on the left hand side is an even function of z. Thus we
can conclude that B2k+1 = 0 for k = 1, 2, . . ..

In the next section, the Bernoulli numbers will play a central role in another piece of
applied mathematics: The transformation of a finite sum into an integral plus some remainder.

34.2 The Euler–Maclaurin summation formula

For the derivation of this important formula, we consider the following expression for an
arbitrary function f(x) and arbitrary integers m < n
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∫ n

m

dxB1(x)f ′(x) =

n−1∑
ν=m

∫ ν+1

ν

dx

(
x− [x]− 1

2

)
f ′(x)

=

n−1∑
ν=m

((
x− ν − 1

2

)
f(x)

∣∣∣∣ν+1

ν

−
∫ ν+1

ν

dxf(x)

)

=

n∑
ν=m

f(ν)− 1

2
(f(m) + f(n))−

∫ n

m

dxf(x).

This can be rearranged to give the Euler–Maclaurin summation formula in its simplest
form

n∑
ν=m

f(ν) =

∫ n

m

dxf(x) +
1

2
(f(m) + f(n)) +

∫ n

m

dxB1(x)f ′(x). (34.4)

The formula allows to convert a sum into an integral and two correction terms:
1

2
(f(m) + f(n)) : from the summation limits and∫ n

m

dxB1(x)f ′(x) : a remainder term.

The Euler–Maclaurin summation formula can be further refined by looking more carefully at
the remainder term. Recalling the property (34.2) of the Bernoulli polynomials and that for
integer values µ and ν of its argument

Bn(µ) = Bn(ν) = Bn(0) = Bn (µ, ν ≥ 2),

we can write the remainder term as∫ n

m

dxB1(x)f ′(x) =
B2

2!
(f ′(n)− f ′(m))−

∫ n

m

dx
B2(x)

2!
f ′′(x).

This procedure can be iterated such that we arrive at the general form of the Euler–Maclaurin
summation formula

n∑
ν=m

f(ν) =

∫ n

m

dxf(x) +
1

2
(f(m) + f(n)) +

k∑
j=2

(−1)j
Bj
j!

(
f (j−1)(n)− f (j−1)(m)

)
+

∫ n

m

dx(−1)k+1Bk(x)

k!
f (k)(x). (34.5)

This form of the Euler–Maclaurin summation formula can be rewritten using an estimate of
the remaining integral on the right hand side of (34.5) as

n∑
ν=m

f(ν) =

∫ n

m

dxf(x) +
1

2
(f(m) + f(n))

+

k∑
j=1

B2j

(2j)!

(
f (2j−1)(n)− f (2j−1)(m)

)
+ Θ

B2(k+1)

(2(k + 1))!

(
f (2k+1)(n)− f (2k+1)(m)

)
(34.6)
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for some number 0 ≤ Θ ≤ 1.
This result of applied mathematics, the Euler–Maclaurin summation formula in the form

(34.6), provides the first ingredient in needed for the finite–size analysis of the Bethe ansatz
equations.

We now turn to the second ingredient which is again provided by applied mathematics,
the Wiener–Hopf technique to solve functional equations.
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Wiener–Hopf technique

The shortest path between two truths in the real domain passes through the complex domain.

Jacques Hadamard

35.1 General method

The Wiener–Hopf method is a mathematical technique for treating functional equations. These
equations arise, for example, from the study of certain classes of integral equations, which is,
in view of what we discussed at various places and, in particular in the previous chapter, why
we are interested in the Wiener–Hopf technique here.

We consider, in this section, integral equations of the type

f(x) = φ(x) +

∫ ∞
0

dyK(x− y)f(y) −∞ < x <∞, (35.1)

where φ(x) is a given function, and the kernel K of the integral equation has the difference
property

K(x, y) = K(x− y).

This type of integral equation cannot be readily solved by Fourier transformation because of
the integral limits which are ∫ ∞

0

dy

i.e. restricted to the real half line [0,∞).
The strategy to solve this type of integral equation consists in, formally, extending the

range of integration to the whole real line (−∞,∞). To do this, we split the unknown function
f(x) formally into a positive and a negative part by defining

f(x) ≡ f+(x) + f−(x),

where

f+(x) ≡
{

0 for x > 0
f(x) for x < 0

,

and

f−(x) ≡
{
f(x) for x > 0

0 for x < 0
.

The integral equation 35.1 then becomes
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f+(x) + f−(x) = φ(x) +

∫ ∞
−∞

dyK(x− y)f−(y). (35.2)

Now that we formally integrate over the whole real line, we can use Fourier transformation.
First, we introduce the following conventions1 for Fourier transforms

f(x) =
1

2π

∫ ∞
−∞

dk f̂(k)eikx, (35.3)

and

f̂(k) =

∫ ∞
−∞

dx f(x)e−ikx. (35.4)

The integral equation 35.2, upon Fourier transformation, becomes a functional equation for
the Fourier transform f̂(k)2

f̂+(k) + f̂−(k) = φ̂(k) + K̂(k)f̂−(k)

or
f̂−(k)

(
1− K̂(k)

)
+ f̂+(k) = φ̂(k) (35.5)

The problem, obviously, is how to solve this equation which contains two unknown functions.
It will turn out, that this is possible if we investigate the analytic properties in the complex
plane of the functions involved in the functional equation, and provided that they obey certain
conditions. In other words, we invoke the powers of complex analysis.

First, we observe that K̂(k) is an analytic function in the strip

−β < =(k) < α

of the complex plane, if

|K(x)| ≤
{
e−αx for x > 0
eβx for x < 0

with α, β > 0.

The proof of this statement is left as an easy exercise 35.1.

Exercise 35.1 Analytic properties of K̂(k)

Proof the statement about the analyticity of the Fourier transformed kernel K̂(k) in the strip −β <
=(k) < α. Use

k = <k + i=k = k′ + ik′′

and split the Fourier transform of K(x), i.e. K̂(k) into two parts, one for 0 < x <∞ and the other for
−∞ < x < 0.

1Attention: It may well be that there are different conventions in different parts of these lecture notes. Need to
harmonize this eventually.

2 Recall that Wiener–Hopf is really a technique to solve functional eqautions.
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Fig. 35.1 Strip of the complex k–plane where K̂(k) is analytic.

We now make the further assumption that f̂(k) is an analytic function in, at least, a part
of the strip −β < =(k) < α, e.g. in −γ < =(k) < δ with γ ≤ β and δ ≤ α.

To have a more symmetrical functional equation, we define another two complex functions
A(k) and B(k) by

A(k)

B(k)
= 1− K̂(k),

requiring that

A(k) is analytic for =k < δ, and
B(k) is analytic for =k > γ.

In other words, we require that in

ln(1− K̂(k)) = lnA(k)− lnB(k)

all terms are regular functions.
The functional equation now takes the more symmetrical form

A(k)f̂−(k) +B(k)f̂+(k) = φ̂(k)B(k) ≡ C(k) +D(k),

where the function C(k) is analytic in the half–plane =k > γ, and the function D(k) is
analytic in the half–plane =k < δ.
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It is important to notice, that all functions in the functional equation have at least the
common strip of analyticity −γ < =k < δ.

Rewriting the functional equation once again, we obtain

B(k)f̂+(k)− C(k) = −A(k)f̂−(k) +D(k),

where now the LHS is analytic in the half–plane =k > γ, whereas the RHS is analytic in the
half–plane =k < δ. Therefore both sides of the functional equation must be equal to an entire
function. It can be shown that this entire function is a polynomial; cf., e.g. Roos (1969) for
details.

We stop at this point, illustrating the Wiener–Hopf technique with an example.

35.1.1 Example of the Wiener–Hopf technique

To see the Wiener–Hopf technique at work, consider the integral equation

f(x) = e−|x| + λ

∫ ∞
0

dy e|x−y|f(y).

Here, the inhomogeneous function φ(x) = e−|x| and the Kernel K(x − y) = λe−|x−y| are
essentially the same function, whose Fourier transform is∫ ∞

−∞
dx e−|x|eikx =

∫ ∞
0

dx e−x(ik+1)

∫ 0

−∞
dx e−x(ik−1) =

2

k2 + 1

which leads to the functional equation

f+(k) + f−(k) =
2

k2 + 1
+

2λ

k2 + 1
f−(k)

or

f+(k) +
k2 − 2λ+ 1

k2 + 1
f−(k) = f+(k) +

k2 − ξ2

k2 + 1
f−(k) =

2

k2 + 1
(35.6)

where we assume that ξ with ξ2 = 2λ− 1 is real, i.e. λ > 1
2 .

Since

1− K̂(k) =
k2 − ξ2

k2 + 1

has singularities at k = ±i, the strips where it is analytic are

−1 < k′′ < 0 or 0 < k′′ < 1.

Let us concentrate on the strip −1 < k′′ < 0. The decomposition in this strip yields

1− K̂(k) =
k2 − ξ2

k2 + 1
=
A(k)

B(k)
=
k2 − ξ2

k − i
1

k + i

i.e.

A(k) =
k2 − ξ2

k − i
B(k) = k + i

where now A(k) is analytic for k′′ < 0 and B(k) is analytic for k′′ > −1.



298 Wiener–Hopf technique

Now we can write the functional equation as

(k + i)f+(k) +
k2 − ξ2

k − i
f−(k) =

2

k − i
or

(k + i)f+(k) = −k
2 − ξ2

k − i
f−(k) +

2

k − i
= E(k)

where the left hand side is analytic for k′′ > −1 while the right hand side is analytic for
k′′ < 0 and E(k) is an entire function for which the simplest choice is a constant which, for
convenience, we choose to be E(k) = ia.Thus

(k + i)f+(k) = ia (35.7)
k2 − ξ2

k − i
f−(k) =

2

k − i
− ia (35.8)

The functions f+(x) and f−(x) can now be calculated from (35.7) and (35.8) by Fourier
transformation. The results are

f+(x) = aex

f−(x) = −2

ξ
sin ξx+ a

(
cos ξx+

1

ξ
sin ξx

)
Besides the reference to Roos (1969) already mentioned, a short introduction to the Wiener–

Hopf technique applied to integral equations including the example can be found in Mathews
and Walker (1970) and also in Wyld (1999).



36

Finite Heisenberg quantum spin
chain

[. . . ] I knew from experience how many sheets of paper go into the waste–paper basket after even a
modest calculation: there was no way they could all appear in print.

Rodney Baxter Baxter (1982)

36.1 Bethe ansatz for the finite Heisenberg Spin chain

The first systematic method to calculate finite–size corrections for integrable or Bethe ansatz
systems is due to de Vega and Woynarovich (1985). The method deals with systems with a
non–vanishing energy gap, e.g. the anisotropic Heisenberg spin chain.

The Hamiltonian of the anisotropic Heisenberg spin chain for an even number N of spins
1
2 in the form

H =

N∑
n=1

(
σxnσ

x
n+1 + σynσ

y
n+1 + σznσ

z
n+1

)
(36.1)

describes the easy–axis antiferromagnetic regime for anisotropy ∆ = cosh γ > 1. In this
regime, which de Vega and Woynarovich (1985) considered, there is a finite energy gap in the
excitation spectrum even in the thermodynamic limit N →∞.

We shall not pursue the analysis for the gapped system, which involves complex solutions
of the Bethe ansatz equations (see de Vega and Woynarovich (1985) for details about gapped
systems). Instead we concentrate on the Heisenberg spin chain with anisotropy in the range
|∆| < 1 where there is no gap, i.e. the system is critical. In this anisotropy range and for
low the lowest excitations in each sector labeled by the magnetization M with total spin
S = 1

2N − M , there are no complex solutions of the Bethe ansatz equations. Thus, the
analysis will be more transparent. Moreover, there is an important motivation to study gapless
models because the results can be compared to the predictions of conformal invariance for
critical, i.e. gapless, systems.

The Bethe ansatz equations for anisotropy ∆ = cos θ (0 < θ < π) which determine the
rapidities ηα are explicitly given by

2N tan−1

(
cot

θ

2
tanh

ηα
2

)
= 2πJα + 2

M∑
β=1

tan−1

(
cot θ tanh

ηα − ηβ
2

)
(36.2)

or rewritten
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2Nφ(ηα,
1

2
θ) = 2πJα +

M∑
β=1

φ(ηα − ηβ , θ). (36.3)

introducing the useful function

φ(η, θ) = 2 tan−1
(
cotθ tanh

η

2

)
. (36.4)

The Bethe ansatz quantum numbers Jα

− 1

2

(
1

2
N − (S + 1)

)
;−1

2

(
1

2
N − (S + 1)

)
+ 1; . . . ;

1

2

(
1

2
N − (S + 1)

)
(36.5)

determine the lowest energy state in the sector of total spin

S =
1

2
N −M. (36.6)

The ground state corresponds to the lowest energy state in the sector S = 0.
In each sector the energy per site is given by

E
(S)
N = − 1

N

M∑
α=1

sin2 θ

cosh ηα − cos θ
(36.7)

once the rapidities have been calculated.
For a finite system this calculation of the rapidities from the Bethe ansatz equations (36.2)

or (36.3) is, however, a formidable task except for systems consisting of only a very few spins.
For reasonably large but still finite systems, there exists no systematic way of dealing with the
Bethe ansatz equations directly.

What we can do, however, is using our knowledge of the thermodynamic limit and attempt
to calculate, in a systematic way, corrections to this thermodynamic limit which are due to the
finiteness of the system. We shall now pursue this strategy.

36.2 Finite–size corrections

From the Bethe ansatz equations (36.2) and (36.3), respectively, and from our experience with
the thermodynamic limit, we are led to introduce the function

zN (η) =
1

2π

{
2 tan−1

(
cot

θ

2
tanh

η

2

)
− 1

N

M∑
β=1

2 tan−1

(
cot θ tanh

(
η − ηβ

2

))}
(36.8)

=
1

2π

φ(ηα,
1

2
θ)− 1

N

M∑
β=1

φ(ηα − ηβ , θ)

 (36.9)

which by definition satisfies the Bethe ansatz equations
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zN (ηα) =
Jα
N

(36.10)

if we insert the values of the rapidities η = ηα. The function zN (η) is continuous and increases
monotonically for real η.

We could now perform the thermodynamic limit N →∞ by introducing a density σ∞(η)
of Bethe ansatz roots

σ∞(η) =
dz(η)

dη
(36.11)

z(η) ≡ z∞(η) = lim
N→∞

zN (η). (36.12)

However, instead of taking the thermodynamic limit, we keep the number of spinsN finite
and formally define the root density for the finite system by

σN (η) =
dzN (η)

dη
(36.13)

Using

φ(η, θ) = 2 tan−1
(

cot θ tanh
η

2

)
(36.14)

we arrive at

σN (η) =
1

2π

φ′(η, θ2)− 1

N

M∑
β=1

φ′(η − ηβ , θ)

 (36.15)

where

φ′(η, θ) =
dφ(η, θ)

dη
=

sin 2θ

cosh η − cos θ
. (36.16)

Next, we introduce the function

SN (η) =
1

N

M∑
β=1

δ(η − ηβ)− σN (η). (36.17)

with which we can rewrite (36.15) as

σN (η) =
1

2π

{
φ′(η,

θ

2
) −

∫ ∞
−∞

dη′SN (η′)φ′(η − η′, θ) (36.18)

−
∫ ∞
−∞

dη′σN (η′)φ′(η − η′, θ)
}
. (36.19)

Thus we have arrived at an equation for the root density σN (η) which resembles the integral
equation in the thermodynamic limit. We write down both equations to make comparison
easier.
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The integral equation for root density σ∞(η) in the thermodynamic limit

σ∞(η) =
1

2π

sin θ

cosh η − cos θ
−
∫ ∞
−∞

dη

2π

sin 2θ

cosh(η − η′)− cos 2θ
σ∞(η′). (36.20)

The solution of this equation can be found by Fourier transformation and reads (des Cloizeaux
and Gaudin, 1966)

σ∞(η) =
1

4θ

1

cosh
(
πη
2θ

) (36.21)

Exercise 36.1 Solve the integral equation (36.20) by Fourier transformation, i.e. confirm the result
(36.21).

With this result for the infinite system under our belt we can now continue our attempt to find
finite–size corrections. First, as just announced, we bring the equation for the finite–size root
density σN (η), (36.18), in the form

sin θ

cosh η − cos θ
= 2πσN (η)+

∫ ∞
−∞

dη
sin 2θ

cosh(η − η′)− cos 2θ
(σN (η′) + SN (η′)) . (36.22)

This equation, which closely resembles an integral equation, can be treated again by Fourier
transforming it back and forth. The result is

σN (η) =
1

4θ

1

cosh
(
πη
2θ

) − ∫ ∞
−∞

dη′F (η − η′)SN (η′) (36.23)

where the kernel function F (x) is given by

F (x) =
1

2π

∫ ∞
−∞

dω
exp(iωx) sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
. (36.24)

Exercise 36.2 Perform a Fourier transformation and back transformation of (36.22) to bring it into the
form (36.23). The book by Gradshteyn and Ryzhik (1980) will be a useful help for this exercise.

Compiling the results, we can write the equation for finite–size root density as

σN (η) = σ∞(η)−
∫ ∞
−∞

dη′F (η − η′)SN (η′) (36.25)

This equation will be the starting point to which to apply the Euler–Maclaurin formula
of section 34. As a result, we will obtain a proper integral equation for the finite–size root
density σN (η) where the inhomogeneous terms describe finite size corrections to the integral
equation (36.20) for the root density in the thermodynamic limit.

Before we go on to do this, let us finish this section by deriving a finite–size expression
for the energy per site in the sector of total spin S which we also express in terms of the result
in the thermodynamic limit plus a contribution which contains the finite–size quantity SN (η).
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This expression will then also be evaluated with the help of the Euler–Maclaurin formula to
make the finite–size corrections explicit in a systematic way.

We begin from the energy per site (36.7) which we rewite using SN (η)

E
(S)
N = − 1

N

M∑
α=1

sin2 θ

cosh ηα − cos θ
≡ − 1

N

M∑
α=1

EN (ηα)

= −
∫ ∞
−∞

dη E(η)SN (η)−
∫ ∞
−∞

dη E(η)σN (η) (36.26)

This expression can be transformed into

E
(S)
N = E∞ −

∫ ∞
−∞

dηε(η)SN (η), (36.27)

where

ε(η) =
π

2

sin θ

θ

1

cosh
(
πη
2θ

) , (36.28)

as we shall see in the following exercise.

Exercise 36.3 Derivation of the finite–size energy formula
Replace σN (η) with (36.23) in (36.26)

Before we discuss the systematic treatment of finite–size corrections, we remark that it
suffices, in order to calculate the lowest order corrections, to replace the finite–size root density
σN (η) in the function SN (η), (36.17), by the root density σ∞(η) in the thermodynamic limit
and the roots ηα by those of the thermodynamic limit, i.e. by those values of ηα which can be
determined from

z∞(ηα) =
Jα
N

in the limit N → ∞. This has been done by Avdeev and Dörfel (1986) for the isotropic case
∆ = 1 and by Hamer (1985), (1986) for the anisotropic case |∆| < 1.

Obviously this truncates the possibility of calculating systematically further finite–size
corrections as we shall do in the following section employing the Euler–Maclaurin formula.

36.3 Application of the Euler–Maclaurin formula

Our goal now is to apply the Euler–Maclaurin summation formula (34.6) to expressions of the
form ∫ ∞

−∞
dη g(η)SN (η) =

1

N

M∑
β=1

g(ηβ)−
∫ ∞
−∞

dη g(η)σN (η)

which appear in the equation for the finite–size root density (36.23) or (36.25) and the finite–
size energy (36.27). This integral can be rewritten using the definition of the finite–size root
density σN (η) = dzN (η)

dη
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∫ ∞
−∞

dη g(η)SN (η) =
1

N

M∑
β=1

g(ηβ)−
∫ ∞
−∞

dη g(zN )
dzN
dη

=
1

N

M∑
β=1

g(ηβ)−
∫ ∞
−∞

dzN g(zN )

We now split the last integral∫ ∞
−∞

dzN g(zN ) =

∫ −Λ

−∞
dη g(zN )

dzN
dη

+

∫ Λ

−∞
dη g(zN )

dzN
dη

+

∫ zN (Λ)

−zN (−Λ)

dzN g(zN )

=

∫ −Λ

−∞
dη g(η)σN (η) +

∫ Λ

−∞
dη g(η)σN (η)

+

∫ zN (Λ)

−zN (−Λ)

dzN g(zN ) (36.29)

where Λ is determined from the largest root of the Bethe ansatz equations which is implicitly
given by

zN (Λ) =
1

N

{
1

2

(
N

2
− (S + 1)

)}
(36.30)

or equivalently by ∫ ∞
Λ

dη σN (η) =

(
1− θ

π

)
S

N
+

1

2N
(36.31)

The property that the rapidity Λ defined in these equivalent ways is the largest root is guar-
anteed from the property of zN (η) to be a monotonically increasing function. All roots of the
Bethe ansatz equations lie in the interval from zN (−Λ) to zN (Λ) which corresponds to the
interval (−Λ,Λ) in the rapidity variable η.

Exercise 36.4 Equivalence of the implicit definitions of the largest root Λ
Show the equivalence of the two definitions of Λ in (36.30) and (36.31).

It is the last integral in (36.29) to which we now apply the Euler–Maclaurin summation
formula in the form

1

2N

{
f
(n1

N

)
+ 2

n2−1∑
n=n1+1

f
( n
N

)
+ f

(n2

N

)}
−
∫ n2

N

n1
N

dx f(x)

=
1

12N2

{
f ′
(n2

N

)
− f ′

(n1

N

)}
+O

(
max f ′′′

N3

)
which uses the variable transformation x→ Nx with f(x)→ f(Nx)→ f(x).
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We obtain

∫ ∞
−∞

dη g(η)SN (η) =
1

N

M∑
β=1

g(ηβ) −

{∫ −Λ

−∞
dη g(η)σN (η) +

∫ Λ

−∞
dη g(zN )σN (η)

}

+
1

12N2

{
dg(zN )

dzN

∣∣∣∣
zN=zN (Λ)

− dg(zN )

dzN

∣∣∣∣
zN=zN (−Λ)

}

− 1

2N
{g(zN (Λ)) + g(zN (−Λ))}

− 1

N

M∑
β=1

∗g

(
zN (ηβ) =

Jβ
N

)

where in the last summation, indicated by the ∗, it is understood that the summation does not
run over the smallest and largest roots, −Λ and Λ, respectively. We observe that the sums in
this expression almost cancel leaving only a contribution from the smallest and largest roots,
−Λ and Λ, respectively, so that we obtain

∫ ∞
−∞

dη g(η)SN (η) = −

{∫ −Λ

−∞
dη g(zN )σN (η) +

∫ Λ

−∞
dη g(η)σN (η)

}

+
1

12N2

{
dg(η)

dη

dη

dzN

∣∣∣∣
η=Λ

− dg(η)

dη

dη

dzN

∣∣∣∣
η=−Λ

}

− 1

2N
{g(Λ) + g(−Λ)} .

Using again σN (η) = dzN (η)
dη and its symmetry σN (η) = σN (−η) we can finally write

∫ ∞
−∞

dη g(η)SN (η) = −

{∫ −Λ

−∞
dη g(η)σN (η) +

∫ Λ

−∞
dη g(zN )σN (η)

}

+
1

12N2σN (Λ)
{g′(Λ)− g′(−Λ)}

− 1

2N
{g(Λ) + g(−Λ)} . (36.32)

This last expression (36.32) is in a form to which we now can apply the second mathemat-
ical technique we have introduced at the beginning of this part: The Wiener–Hopf technique.
As we shall see in the next section, using (36.32) in the expressions for the finite–size root
density (36.23) or (36.25) finally renders them into proper integral equations which are, af-
ter some further rewriting, of the Wiener–Hopf type. From these Wiener–Hopf type integral
equations we then derive functional equations from whose solutions we use to evaluate the
finite–size energy (36.27) which we shall also express with the help of (36.32) in a form to
read off finite–size corrections.
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36.4 Application of the Wiener–Hopf technique

36.4.1 Derivation of the Wiener–Hopf type integral equation

Using the approximation (36.32), the expressions for the finite–size root density (36.23) reads

σN (η) −
∫ −Λ

−∞
dη′ F (η − η′)σN (η′)−

∫ ∞
Λ

dη′ F (η − η′)σN (η′)

+
1

2N
(F (η − Λ) + F (η + Λ)) +

1

12N2σN (Λ)
(F ′(η − Λ)− F ′(η + Λ))

=
1

4θ

1

cosh
(
πη
2θ

) . (36.33)

We now shift the integration limits ±Λ → 0, i.e. first we shift the integration variable η′ →
η′ − Λ and then we let η′ → −η′∫ −Λ

−∞
dη′ F (η − η′)σN (η′) =

∫ 0

−∞
dη′ F (η − η′ + Λ)σN (η′ − Λ)

=

∫ ∞
0

dη′ F (η + η′ + Λ)σN (η′ + Λ)

where we again used the symmetry σN (η) = σN (−η). Similarly we obtain∫ ∞
Λ

dη′ F (η − η′)σN (η′) =

∫ ∞
0

dη′ F (η − η′ − Λ)σN (η′ + Λ).

Thus we arrive at

σN (η) −
∫ ∞

0

dη′ F (η − η′ − λ)σN (η′ + Λ)−
∫ ∞

0

dη′ F (η + η′ + Λ)σN (η′ + Λ)

+
1

2N
(F (η − Λ) + F (η + Λ)) +

1

12N2σN (Λ)
(F ′(η − Λ)− F ′(η + Λ))

=
1

4θ

1

cosh
(
πη
2θ

) . (36.34)

The next step of transformation into a recognizable integral equation of Wiener–Hopf type
consists of shifting the variable η: η → η + Λ.

σN (η + Λ) −
∫ ∞

0

dη′ F (η − η′)σN (η′ + Λ)−
∫ ∞

0

dη′ F (η + η′ + 2Λ)σN (η′ + Λ)

+
1

2N
(F (η) + F (η + 2Λ)) +

1

12N2σN (Λ)
(F ′(η)− F ′(η + 2Λ))

=
1

4θ

1

cosh
(
π(η+Λ)

2θ

) . (36.35)

The recipe of the Wiener–Hopf technique now redefines the function σN (η)
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σ+
N (η) =

{
σN (η + Λ) η > 0

0 η < 0
(36.36)

and

σ−N (η) =

{
0 η > 0

σN (η + Λ) η < 0
(36.37)

so that we finally arrive at the desired Wiener–Hopf type integral equation

σ+
N (η) + σ−N (η) −

∫ ∞
0

dη′ F (η − η′)σ+
N (η′)−

∫ ∞
0

dη′ F (η + η′ + 2Λ)σ+
N (η′)

+
1

2N
(F (η) + F (η + 2Λ)) +

1

12N2σN (Λ)
(F ′(η)− F ′(η + 2Λ))

=
1

4θ

1

cosh
(
π(η+Λ)

2θ

) . (36.38)

This integral equation is now in a proper form to be Fourier transformed which we shall do in
the next section.

36.4.2 Fourier transformation of the Wiener–Hopf type integral equation

In order to Fourier transform the Wiener–Hopf type integral equation (36.38) we recall Fourier
tarnsform of the kernel function (36.24) which we calculated in exercise 36.2:

F (η − η′) =
1

2π

∫ ∞
−∞

dω
exp(iω(η − η′)) sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
.

Its derivative with respect to the second variable η′ is given by

∂

∂η′
F (η − η′) =

1

2π

∫ ∞
−∞

dω(−iω)
exp(iω(η − η′)) sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
.

These two equations for the kernel F (η) and its derivative suffice, together with the Fourier
transform of the right hand side inhomogeneity, to write down the Fourier transform of the
Wiener–Hopf type integral equation (36.38) as

σ+(ω) + σ−(ω) − σ+(ω)
sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)

− σ+(−ω)
sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
e2iωΛ

+
1

2N

1

2π

sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
[
1 + e2iωΛ

]
− 1

12N2σN (Λ)

iω

2π

sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
[
1− e2iωΛ

]
=

1

4π

1

coshωθ
eiωΛ. (36.39)

Let us rearrange this lengthy expression:
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σ−(ω) +
sinhωπ

2 coshωθ sinhω(π − θ)
σ+(ω)

=
1

4π

1

coshωθ
eiωΛ

− 1

2π

sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)

{[
1

2N
− iω

12N2σN (Λ)

]
+

[
1

2N
+

iω

12N2σN (Λ)
− 2πσ+(−ω)

]
e2iωΛ

}
. (36.40)

This equation, together with the equation determining the largest root Λ(
1− θ

π

)
S

N
+

1

2N
=

∫ ∞
Λ

dη σN (η) =

∫ ∞
0

dη σN (η + Λ) = 2πσ+(0), (36.41)

an equation determining σN (Λ)

σN (Λ) = 2

∫ ∞
−∞

dω σ+(ω), (36.42)

and the equation for the finite–size energy per spin (36.27), together with (36.28), completely
determine the problem of calculating the finite–size corrections to the energy. Of course, we
still have to use (36.32) which we obtained from the application of the Euler–Maclaurin sum-
mation formula to the finite–size energy per spin (36.27). This yields

E
(S)
N − E∞ =

∫ ∞
Λ

dη ε(η)σN (η) +

∫ ∞
Λ

dη ε(η)σN (η)

− 1

2N
{ε(Λ) + ε(−Λ)} − 1

12N2σN (Λ)
{ε′(Λ)− ε′(−Λ)} . (36.43)

Explicitly we have for the so–called dressed energy ε(η) (see (36.28)) which we need for large
values of the argument corresponding to the largest root Λ

ε(η) =
π

2

sin θ

θ

1

cosh
(
πη
2θ

) → π
sin θ

θ
e−(π|η|2θ ) for η � 1. (36.44)

The derivative of this expression is

ε′(η) =
(π

2

)2 sin θ

θ2

sinh
(
πη
2θ

)
cosh2

(
πη
2θ

) → π2

2

sin θ

θ2
e−(π|η|2θ ) for η � 1. (36.45)

Exercise 36.5 Prove (36.42) using Fourier transformation and the definition of the step function where
Θ(0) = 1

2
.
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The various parts on the right hand side of (36.43) have to be further manipulated. We start
with

− 1

2N
{ε(Λ) + ε(−Λ)} − 1

12N2σN (Λ)
{ε′(Λ)− ε′(−Λ)} =

(2π)2 sin θ

θ
e−(πΛ

2θ ) (−1)

2π

[
1

2N
−

π
2θ

12N2σN (Λ)

]
. (36.46)

Furthermore, we have ∫ −Λ

−∞
dη ε(η)σN (η) =

∫ ∞
−∞

dη ε(η + Λ)σ+(η) (36.47)

and ∫ ∞
Λ

dη ε(η)σN (η) =

∫ ∞
−∞

dη ε(η + Λ)σ+(η), (36.48)

i.e. the contributions in (36.46) contribute the same. Moreover, with

σ+(η) =

∫ ∞
−∞

dω eiωησ+(ω) (36.49)

these contributions become∫ ∞
−∞

dη ε(η + Λ)σ+(η) = π
sin θ

θ
e−

πΛ
2θ

∫ ∞
−∞

dη

∫ ∞
−∞

dω eiωησ+(ω)eiη(ω+ iπ
2θ )

= 2π2 sin θ

θ
e−

πΛ
2θ σ+

(
− iπ

2θ

)
. (36.50)

We can now collect the contributions to the finite–size energy per spin

E
(S)
N − E∞ = (2π)2 sin θ

θ
e−

πΛ
2θ

(
σ+

(
− iπ

2θ

)
− 1

2π

[
1

2N
−

π
2θ

12N2σN (Λ)

])
. (36.51)

This expression for the finite–size energy per spin is, of course, only an approximation. It
can be shown by considering further terms in the Euler–Maclaurin summation formula which
contain higher derivatives of ε(Λ), that the corrections are of order e−

3πΛ
2θ .

The expressions (36.40), (36.41), (36.42), and (36.51) form a closed set of equations which
we now have to further investigate by applying the Wiener–Hopf technique to the functional
equation (36.40).

In order to get acquainted with the method described so far, the following exercise is
recommended.

Exercise 36.6 Isotropic case
Redo the calculations for the isotropic antiferromagnetic case ∆ = 1 to obtain the expressions corre-
sponding to (36.40), (36.41), (36.42), and (36.51). The results are:

σ−(ω) +
1

1 + e−2|ω| σ
+(ω) =

1

2π

e−2|ω|

1 + e−2|ω|{(
1

2N
− iω

12N2σN (Λ)

)
+

(
1

2N
+

iω

12N2σN (Λ)
− 2πσ+(−ω)

)
e2ωΛ

}
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and

E
(S)
N − E∞ = (2π)2e−

πΛ
2

{
σ+

(
− iπ

2

)
− 1

2π

[
1

2N
−

π
2

12N2σN (Λ)

]}
while (36.41) and (36.42) remain unchanged.

This case generalized to an asymmetric distribution of Bethe ansatz quantum number Jα is treated
in detail in the summer school proceedings contribution of Ferenc Woynarovich (1997).

36.4.3 Functional equation

According to the prescription of the Wiener–Hopf technique, we now need to write the func-
tional equation (36.40) in a form such that both sides of the equation decompose into two
additive parts, one being analytic in the upper, the other in the lower half of the complex
ω–plane.

As a first step to achieve this goal, we observe that

1− sinhω(π − 2θ)

2 coshωθ sinhω(π − θ)
=

sinhωπ

2 coshωθ sinhω(π − θ)
≡ 1

G(ω)G(−ω)

where (see Gradshteyn and Ryzhik (1980) page 937)

1

G(ω)G(−ω)
=

1

2(π − θ)
Γ
(

1
2 + iω θπ

)
Γ
(
1 + iω

(
1− θ

π

))
Γ
(

1
2 − iω

θ
π

)
Γ
(
1− iω

(
1− θ

π

))
Γ (1 + iω) Γ (1 + iω)

In order to factorize this expression, we have to make sure that the individual factors do not
diverge for ω → ∞. Rather the individual factors should be finite G(ω) → 1 for ω →
∞. This can be achieved by considering the asymptotic of the complex Γ–function (see e.g.
Abramowitz and Stegun (1972) page 257). We obtain

1

G(ω)
=

1√
2(π − θ)

Γ
(

1
2 + iω θπ

)
Γ
(
1 + iω

(
1− θ

π

))
Γ (1 + iω)

e−iω[(1− θ
π ) ln(1− θ

π )+ θ
π ln θ

π ]

The functional equation can now be written as

G(−ω)σ−(ω)+
σ+(ω)

G(ω)
=

1

4π

G(−ω)

coshωθ
eiωΛ+

1

2π

[
1

G(ω)
−G(−ω)

] [
1

2N
− iω

12N2σN (Λ)

]
(36.52)

where, at this stage of the approximation, in the functional equation (36.40) we have neglected
the term proportional to e2iωΛ = e2iω′Λe−2ω′′Λ.

Of the two terms on the left hand side of the functional equation (36.52) the first can be
shown to be analytic in the upper complex ω half plane, while the second is analytic in the
lower complex ω half plane.

Exercise 36.7 Show that the statement above is correct by considering the Fourier transform of σ±(ω)
and the poles and zeroes of 1

G(±ω)
.
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Now we need to write also the right hand side of (36.52) as a sum of two terms, one of which
is analytic in the upper, the other in the lower half plane. In our case this can be achieved using
Cauchy’s integral formula (see Roos (1969), page 169)

This leads for the part of the functional equation in the lower half plane to the expression

σ+(ω) = lim
ε→0

(−G(ω))

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + iε
×

×
{

G(−ω′)
2 coshω′θ

eiω
′Λ +

[
1

G(ω′)
−G(−ω′)

] [
1

2N
− iω′

12N2σN (Λ)

]}
We deal with the three additive terms on the right hand side one by one. The first term can be
evaluated using the residue theorem and reads

− G(ω)

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + i0

G(−ω′)
2 cosh θω′

= − 1

4πiθ

G(− iπ2θ )G(ω)
iπ
2θ − ω

e−
πΛ
2θ +O

(
e−

3πΛ
2θ

)
We only need this for ω = −iπ

2θ and for ω = 0. For those two values, we obtain

1

(2π)2
G2

(
− iπ

2θ

)
e−

πΛ
2θ (36.53)

and
1

(2π)2
G(0)G

(
− iπ

2θ

)
e−

πΛ
2θ , (36.54)

respectively.
The second term produces after a lengthy calculation which uses contour integration and

again the residue theorem

lim
ε→0

(−G(ω))

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + iε

1

G(ω′)

[
1

2N
− iω′

12N2σN (Λ)

]
=

1

2π

[
1

2N
− π

2θ

1

12N2σN (Λ)

]
for ω = − iπ2θ and

lim
ε→0

(−G(ω))

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + iε

1

G(ω′)

[
1

2N
− iω′

12N2σN (Λ)

]
=

1

2π

1

2N

for ω = 0.
For the third and last term we use the asymptotic form G(ω′) ≈ e

µ
12

1
iω′ ≈ 1 + µ

12
1
iω′

where µ = θ
π−θ −

π
2θ and the expansion 1

(ω′+ iπ
2θ )
≈ 1

ω′ −
iπ

2θ ω′ 2

lim
ε→0

G(ω)

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + iε
G(−ω′)

[
1

2N
− iω′

12N2σN (Λ)

]
= −

G
(
− iπ2θ

)
2π

[
1

2N
− µ

12

1

12N2σN (Λ)
− π

2θ

1

12N2σN (Λ)

]
for ω = − iπ2θ and

lim
ε→0

G(ω)

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω + iε
G(−ω′)

[
1

2N
− iω′

12N2σN (Λ)

]
= −G(0)

2π

[
1

2N
− µ

12

1

12N2σN (Λ)

]
for ω = 0.



312 Finite Heisenberg quantum spin chain

Collecting terms, we arrive at the general expression

σ+(ω) = − 1

2iθ

G
(
− iπ2θ

)
2π

G(ω)
iπ
2θ − ω

e−
πΛ
2θ

− G(ω)

(2π)2i

∫ ∞
−∞

dω′

ω′ − ω − i0

(
1

G(ω′)
−G(−ω′)

)(
1

2N
− iω′

12N2σN (Λ)

)
which we evaluated for ω = − iπθ

σ+

(
− iπ

2θ

)
=

(
G
(
− iπ2θ

)
2π

)2

e−
πΛ
2θ +

1

2π

(
1

2N
− π

2θ

1

12N2σN (Λ)

)
−
G
(
− iπ2θ

)
2π

(
1

2N
− µ

12

1

12N2σN (Λ)
− π

2θ

1

12N2σN (Λ)

)
(36.55)

and for ω = 0

2πσ+(0) =

(
G
(
− iπ2θ

)
G(0)

2π

)
e−

πΛ
2θ +

1

2N
−G(0)

(
1

2N
− µ

12

1

12N2σN (Λ)

)
=

(
1− θ

π

)
S

N
+

1

2N
. (36.56)

Furthermore we need to evaluate

σN (Λ) = 2

∫ ∞
−∞

dω σ+(ω)

= − 1

iθ

G
(
− iπ2θ

)
2π

e−
πΛ
2θ

∫ ∞
−∞

dω
G(ω)
iπ
2θ − ω

− 2

(2π)2i

∫ ∞
−∞

(
1

G(ω′)
−G(−ω′)

)(
1

2N
− iω′

12N2σN (Λ)

)∫ ∞
−∞

dωdω′
G(ω)

ω′ − ω − i0
.

With the help of complex integration and the asymptotic expansions for G(ω) and (ω−ω′)−1

we have already employed, to lowest order this becomes

σN (Λ) =
1

2θ
G

(
− iπ

2θ

)
e−

πΛ
2θ +

µ

12

(
1

2N
− µ

12

1

2

1

12N2σN (Λ)

)
. (36.57)

The expressions (36.57), (36.56), and (36.55) suffice to determine the lowest order finite–size
corrections to the energy per spin.

36.4.4 Finite–size corrections to the energy

Now employing skillful algebraic manipulation we can extract from (36.57), (36.56), and
(36.55) the final formula for the finite–size energy per spin (36.51) which is exact to lowest
order in the inverse system size 1

N

E
(S)
N − E∞ = (2π)2 sin θ

θ

((
1− θ

π

)
S2

8N2
− 1

48N2

)
(36.58)
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For example the ground state finite–size energy correction in the S = 0 sector becomes

N(E
(0)
N − E∞) = −π2 sin θ

θ

1

12N
= − πζ

6N
(36.59)

where ζ = π
2

sin θ
θ whereas the finite-size correction for general S and S = 0 reads

N(E
(S)
N − E(S)

N ) = π2 sin θ

θ

1

2N
=

2πζ

N
xS (36.60)

where xS =
(
1− θ

π

)
S2

2 .
These two expressions coincide precisely with the predictions of conformal invariance

for critical one–dimensional systems (Blöte et al., 1986; Affleck, 1986) (see also e.g.Cardy
(1987)).

36.5 Higher order corrections

The task to calculate higher order corrections consists first of all in a careful analysis of the
approximations made such that we can figure out what contributions in powers of 1

N they will
make.
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Gogolin, Alexander O, Nersesyan, Alexander A, and Tsvelik, Alexei M (1998). Bosonization
and Strongly Correlated Systems. Cambridge University Press.

Goldenfeld, Nigel (1992). Lectures on Phase Transitions and the Renormalization Group.
Addison-Wesley, Reading, Massachusetts.

Goodstein, David L (1985). States of Matter. Dover Publications, New York.
Gradshteyn, I S and Ryzhik, I M (1980). Table of integrals, series, and products. Academic

Press, San Diego.
Griffiths, Robert B (1964a). Free Energy of the Antiferromagnetic Linear Chain. Phys
Rev, 136, A751.

Griffiths, Robert B (1964b). Magnetization Curve at Zero Temperature for the Antiferro-
magnetic Heisenberg Linear Chain. Phys Rev, 133, A768.

Gunn, Michael (1988). Spin strings and superconductivity. Physics World, 1, 31.
Gutzwiller, Martin C (1963). The effect of correlations on the ferromagnetism of transition

metals. Phys Rev Lett, 10, 159.
Haldane, F Duncan M (1980). General Relation of Correlation Exponents and Spectral Prop-

erties of One–Dimensional Fermi Systems: Application to an Anisotropic S = 1
2 Heisen-

berg Chain. Phys Rev Lett, 45, 1358–1362.
Haldane, F Duncan M (1981). ‘Luttinger liquid theory’ of one–dimensional quantum flu-

ids: I. Properties of the Luttinger model and their extension to the general 1D interacting
spinless Fermi gas. J Phys C: Solid State Phys, 14, 2585–2609.

Haldane, F Duncan M (1988). Exact Jastrow–Gutzwiller resonating-valence-bond ground

http://dpmc.unige.ch/gr_giamarchi/Solides/Files/SolidIV.pdf
http://dpmc.unige.ch/gr_giamarchi/Solides/Files/SolidIV.pdf


References 339

state of the spin– 1
2 antiferromagnetic Heisenberg chain with 1/r2 exchange. Phys Rev

Lett, 60, 635.
Halmos, Paul R (1978). Measure Theory. Springer, Berlin.
Hamer, Chris, Quispel, Reinout, and Batchelor, Murray (1987). Conformal anomaly and

surface energy for Potts and Ashkin-Teller quantum chains. J Phys A: Math Gen, 20, 5677.
Hamer, Chris J (1985). Finite–size corrections for ground states of the XXZ Heisenberg
chain in the critical region. J Phys A: Math Gen, 18, L1133–L1137.

Hamer, Chris J (1986). Finite–size corrections for ground states of the XXZ Heisenberg
chain. J Phys A: Math Gen, 19, 3335–3351.

Haroche, Serge and Raimond, Jean-Michel (2006). Exploring the Quantum — Atoms, Cavi-
ties, and Photons. Oxford University Press.

Heilmann, O J and Lieb, Elliott H (1970). Violation of the Non–Crossing Rule: the Hubbard
Hamiltonian for Benzene. Trans NY Acad Sci, 33, 116. (Also in Ann NY Acad Sci 172
(1971) 584.).

Heisenberg, Werner (1928). Zur Theorie des Ferromagnetismus. Z Physik, 49, 619–636.
Hermann, Armin (1976). Werner Heisenberg. Rowohlt, Reinbeck.
Hubbard, John (1963). Electron correlations in narrow energy bands. Proc Roy Soc (Lon-

don), A276, 238.
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